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VISITATIONS OF RULED SUMS(l)

BY

LEONARD E. BAUM AND H. H. STRATTON

ABSTRACT.  Let ÍX,-j  be a sequence of independent identically distrib-

uted random variables and for D C I+  let Sp = 2, g£> X,.   A rule  ( ) is a

mapping /+—* 2'   : Vn \(n)\ = n   and  S( ) = ¡S(n)j  is its associated ruled

sum.

Ruled   sums   generalize ordinary sums  Sn.   Indeed, all a.e. results for

Sn  can be investigated for  S(„)  frequently requiring different methods and

sometimes yielding different conclusions.   In a previous paper we studied

strong laws of large numbers and the law of the iterated logarithm.

In this paper we study infinite visitation. Under suitable hypotheses

on the basic distribution function F of the X, we show that, for all rules

( ), S(„) visits each integer infinitely often a.e. in the lattice case (or has

all points of the real line as accumulation points in the nonlattice case).

In fact we obtain a "rate of visitation." There follows extensions of the

Polya theorem on encounters in the plane and 3-space from random walks to

these ruled sums.

Some equivalence relations and partial orderings on rules are defined.

For normal variables this leads to an extension of the previously mentioned

result for ruled sums of the type of the iterated logarithm law.

I.   Introduction and statement of visitation results.   Let iX.j be a sequence

of independent, identically distributed random variables (i.i.d.), and for D Ç /

(= set of positive integers) let SD = 2eD X¿.   Let R = set of all functions ( ):

/   —» 2      where in) contains exactly n elements for each n £ I .   ( ) e R is

called a rule and S,  . is called its ruled sum.   Intuitively there are two rules

that are in some sense the "extreme rules":

(1) in) = i 1, 2, • • • , rzj  which we denote by  n,

(2) any rule ( ) that satisfies  in) n im) = 0   for n ¿ m;  we denote such a

rule by (   ).

Certainly  n  and  in) are at the top and bottom respectively in the two par-

tial orderings given by

()<()' iff fi in)
z'=l

for n,, , n   ,  m £ I
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and

()<()' iff \inx) n («2)| < \{ni)' n („2)'|    for nv n2 £ l\

i\A\  means the cardinality of the set A.)  ^ is the natural ordering on rules since

K < R    and   R   < R   iff R = R '   under the natural equivalence relation:

( ) = ( )   iff there exists a 1-1 map a from
oo oo

(J  (n)onto   U  in)'   suchthat    U   W«')l = in)'
n = l 72 = 1 ¿e(n)

for n £ I+.

(See Theorem 6 of §111.)

The weaker ordering < is more natural when X¿ are normally distributed

since a Gaussian sequence S,  , is determined by its covariance EÍS,  .S...) =

\in) n (/)|  assuming Xj is 5l(0, 1).  Moreover, the following two results of § 3

help to confirm that the intuition and this ordering are in accord.

Proposition 2.   For Xj 71(0, l), ( )< ( )' iff P[S(n) £ iu, v)\S{f) £ iu, v)]<

P[S,. i  £ iu, v)\ S,.. i  £ iu, v)\ for all n, j £ I+ and -°o<u<jj<oq.

Theorem 7.   For X, îî(0, l), ()<()'   implies lim S,  ,,/a   < lim S,   Ja

¡or all sequences \a  \: a   —> oo.
' ^ 77. 7!

When Xj  is a normal variable, Theorem 7 extends the result

lim S /a   < lim S,  Ja   < lim S . Ja
n     n — (n)      n — (n>      n

obtained in [l] for symmetric  Xj  and "well-behaved" sequences \an\-

Thus a conjecture like

(O A theorem which holds for n and (   ) holds for all ( ) e R

arises rather naturally.   An unfortunate instance where (C) fails is that although

the tail sigma field of ÍS(n)! for ( ) = 72 or (   ) is trivial (the Hewitt-Savage the-

orem [3, p. 63]), it need not be trivial for more general rules.   Indeed the tail

event [IS,.,  . - S,-,      ,A <( i.o.] will never be a 0-1 event for certain rules if

1 > P[ I X, I < i] > 0 (see § 4).  Nevertheless, one hopes that (C) holds for cer-

tain classes of theorems.   This paper is largely devoted to (v.) for the class of

theorems dealing with the visitations and distribution of values of the sequence

of ruled sums of a rule.

In the case of visitation theorems, we take  Xj  to be a lattice random vari-

able on  / i= set of integers).   Without loss of generality we can assume that X}

satisfies



VISITATIONS OF RULED SUMS 405

Gu)       gcd i|;-z|: P[Xt =/] >0 and P[X1 = z]>0j = 1       [10, p. 232].

Hence if P[X } < 0] > 0 and P[X j > O] > 0 as we assume throughout then   Vz £ I,

3nii) e/+: P[Sn{i)= i] > 0.

For iß   j  a sequence of subsets of /,

7!

m  (B  ) = P[S    £B]    and     M  (ß  ) = Y m (ß .) + 1.
n      n n n n      n *■"*       z      i

1 = 1

If ß   = ¡aj, then we write m  (a) and M  (a) respectively.   If a = 0,  then we sup-

press the a's in the symbols altogether as we will do whenever ß    is understood.

(piA) denotes the indicator function of the set A,  fÍ6) the characteristic function

of Xj.

The results in this paper on visitation theorems will now be discussed.   In

the following K denotes differing positive constants and (*) or (**) will be

used for differing displayed items  used only locally.

Theorem 1.   Let i) £ R, EX+ = EX~,  and let M   -, eo.
n n T

(1) Let a £ I,  and g: R+ (set of positive reals) —> R*,  where gix)   ' °° arza*

its derivative g \x) > 0 and i.   If g satisfies for some (Q £ (0, l)

7!

Z g'K(a))(P[S(jfe) = a | S(j) = a] - P[S(k) = a])

(t) *-»■

< Kige°iMnia)))    for all 1 <j<n £l+,

then
n

limigiMj.a)))-1 23 g'iM{a))(p[Su) = a] = 1    a.e.
z' = l

(2) Let mn>n~a for all n £ /+ with 0 <  a< 1.   // 3e < Y2: Var a2 e/,

VI   < ;'<rz e/+,

(tt)
fe=j
f Pt5w = a, |5(y) = a2]= 0(M^2f)

then, for a £ I,

p\\Í^{k) = 0]-±(p[S(k),a}>M^2^   z.0.1
= 0

for all 8 > 0.

(3)   // (t) Was /or gix) = lg x, mn>n~a and (tt) ¿S satisfied, then
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n In

Z  <f>iS(k) = 0y£ cf>[S{k) = a]   r 1     a.e.

Chung and Erdös [4] essentially showed that for () = n and EX~ = FX+,

(t) holds for gix) = lg x,  and e = 0 and (tt) holds with e = 0, i.e., they showed

that, for all a £ I,   limB(lg(/MB))- ' 2^015 ^ = aV/YI^ — 1,

[I   77 n -i

Z <f>[Sk = a]- Z <t>lSk = 0]  >Mn/4+S   i.o.    =0

for all S>0, and 2R = 1 r/Sl^ = a]/ 2£ = J </>[Sfe = 0] -^ 1 a.e. The proofs for (1)-

(3) of Theorem 1 are adaptations of the proofs for ( ) = n that appear in [4]. The

main difference in proof arises in finding a replacement for their repeated appeal

to the Markov property of Sn  which is, of course, lacking for general rules.

We note that since S,   . is a sequence of independent random variables,  (t)

and (tt) always hold.   Thus (1)—(3) of Theorem 1 are candidates for (c).   In this

direction, we will show

Proposition 1.   // Xj  is symmetric, then for i ) £ R,

(1) (t) holds for all a £ I and gix) which satisfies, for some   1 > iQ > 0,

xg Ax) = O(gf0(x)), e.g.,  gix) = OilgHx)) for k £ 1.

(2) (tt) holds.

Because  PiS     , = a] > rnAa - a ')P[S   = a '], we see for M   —> oo
n + 1 — 1 77 77

(p) Mnia)/Mnia) = Oil)    fot a, a   £ I.

(Note ip) also holds if S    were the sum of n  i.i.d. ¿-dimensional random vectors.)

If X.  is in the domain of attraction of a stable law of exponent  1/a > 1

(e.g., for EX2 < oo,  a = Y2), then  P[Sn = O] ~ Kn~ a.   Thus ip) combined with

Theorem 1 and Proposition 1 yields

Corollary 1.   Ler  X,   be symmetric and M    —• oo.   por ( ) e R,

(a) (lg Mnia))~l 22 = 1«p[SU) = a]/MÄ!(a)  -^   1 a.e. for all a £ I.

(b) // Xj  is, moreover, in the domain of attraction of a stable law with ex-

ponent > 1, then for all a £ 1

Z 4*Slk) = a\l± 4*Slk) - 0] y 1    a.e.
fc=l / k=l

Now (p), the Borel-Cantelli lemma, (a) of Corollary 1 and the fact that

(lg ¿Ma))"1  ¿  <p[S{k) = a]/Mk(a) = t/(lg M (a))-1  ¿ <¿[S(fe) = a]J
fe=l ' fe=l '

gives
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Corollary 2.   For Xj  symmetric,  a £ I and i ) £ R

P[S.  , = a  z.o.] = ¡ iff £ P[5   - 0] » "    z// f7     -*_ =
< oo

(The characteristic function part of Corollary 2 is well known and is proved

easily from (C2) and (C5) in the first part of § II.   Corollary 2 has its genesis

in Chung and Fuchs L 5 J for i) = n and general Xj.)

Theorem 2. Let Xj be a lattice random variable. Then the following nine

conditions are equivalent.

(D HJTil-\fi6)\)-1dO=~.

(2) 2„ \ p2K - -1 - ~
(3) ldn £ I: 2 P[Sn = dj = oo.

(4a) V ( ) £ R:  2 ™niS{n)ico)) = «o a.s.

(4b)   3( ) e R:  P[2 mn(S(n)(co)) = ~] > 0.

(5a)   V( ) £ R Id   e /: Va e R  P[S, , - d   = a z.o.] = 1.
7Z (7! ) 7Z

(5b)   3( ) e R,  d   £l and a e R:  PIS, ^ - a"   = a z.o.] > 0.

(6a)   V( )j,( )2 eR:  (zz)j O(m)2=0  Vrz, m 6/+ P[5(n)   = S(n)   + a z.o.] =

1, Va e /.

(6b)   3( )j, ( )2 e R: in)x O (zzz)2 =0  V«, m £ I*; and la e /:  P[S{n)   =

S,  .   + a z.o.] > 0.
(tz)2

These nine equivalent conditions above generalize the notion of recurrence

to essential recurrence in the spirit of [l0, p. 250].   Even for S  ,  this is a true

extension of recurrence.   In particular, if E|Xj| < oo and EXj /= 0 then  P\Sn =

a i.o.] = 0 for all a,  while P[Sn - tzEX , = a i.o.] = 1 for all a [3, p. 56].   Of

course, if Xj is symmetric, then (1) is equivalent to /_^(1 — fiQ))~   dd = °°,

i.e., essential recurrence becomes ordinary recurrence.

Theorem 2 seems fairly complete since condition (1) is a hypothesis on the

basic datum, the distribution of X,, and moreover, no extraneous hypothesis is

needed.   The same is true for Theorem 3.

Theorem 3.   Let  ÍX.) be i.i.d. lattice random variables.   Let i )j, ( )2, ( ),>

( )4 £ R for which  in){ n im). = 0   for i ¿ j = 1, 2, 3, 4, and n, m £ ¡+.   The

following five conditions are equivalent.

(i) ¡7Tn¡ii-\Íie)fi<k)\)-lddd(p = ^.

(2) s„ (V'b. - «IV --
^ p[^n)1.W = (%z)3'Wf-°-1=1-
(4) 1   2„ PJ[S   =a]=~.

(5)   **(.),-Í(.)2-S(.)3¿«-1-1.
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(3) and (5) of Theorem 3 are, as was (6) of Theorem 2, extensions of Pólya-

type theorems; e.g., (6) of Theorem 2 is an extension of two independent particles,

each of which is performing a random walk in one dimension, meeting infinitely

often (Feller [6, vol. 1, p. 3291)-

Of course, one could consider similar questions for nonlattice random vari-

ables.   For EXj < oo, an application of a local limit theorem in the proof of The-

orem 2 will yield Theorem 2 with points of infinite visitation replaced by accumu-

lation points.   An example of how one is to carry out these suggested steps is

given in the proof of the following:

Theorem 4.   Let EXj < oo and let \a  \  be a nondecreasing sequence of positive

real numbers with a    =   o(n^)-   Then the following are equivalent.

(1) EX= 0.

(2) For some h e Reals and some ( ) e R,   P[b is an accumulation point of

SM/aJ>0.
(3) For all b £ Reals and all i) £ R,   P[b is an accumulation point of

(4) 2   P[\S /a  I < e] = oo for all e > 0.

This result was obtained for ( ) = n and an - n~a, 0 < a < ]/2, without the

assumption EX2 < oo by Kesten [8, Theorem 4, p. 1173]- We note here that our

proof of Theorem 4 actually shows that (3) =* (1) under the weaker assumption

that a = 0(72). However Kesten shows that one cannot in general let a = n and

have (1) —• (3) fe, Theorem 7, p. 1196]. Finally we see that by taking a^ = 1

for all n, we obtain Corollary 2 with the following modifications. Replace the

hypothesis Xj symmetric with E(Xj) < 00 and insert Real part in front of the

integral.

Theorem 5.   Let a > 0 be such that it is not a rational multiple of the span

of X. when X.  is a lattice variable.   For ( ) e R,  S,  . is equidistributed

mod [O, a).

This theorem generalizes a result of Robbins [16] for ( ) = n.   Theorem 5 re-

quires no extra distribution hypotheses and has a simple proof.   Corollary 1 with

its subsidiary hypotheses and a more difficult proof yields asymptotically equal

number of visits to any pair of lattice points whereas Theorem 5 concludes only

that the total number of visits in time N to all points in  U¿ e¡iib, c) + ia\ ~

Nie - b)/a where b < c < b + a.

This completes our statements of our main visitation results.   Their proofs

will be given in § II.   In § III we deal with two equivalence relations, and two

partial orderings on rules, and prove related results some of which were stated

earlier in this introduction.   In § IV, which consists mainly of counterexamples,
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we show some of the extent to which triviality of the tail ff-field fails for ruled

sums.   In § V we give extensions of some of our main visitation results to Gaus-

sian processes more general than ruled sums of independent normal (0, l) variables.

II.   Proofs of visitation results.   We first gather together for easy reference a

collection of basic results that will be essential to the proofs of Theorems 1—4

and Corollaries 1, 2.

Lemma 0.   Let \Yn\ be an arbitrary sequence of random variables with

EÍY  ) < c    for all n £ I  •   If there exists a subsequence \nik)\  of I    with
n    —    n   ' * *

(a)    Vn(fc) < °°'

<b)   maXn(k)Sn<n(k+l)\Yn-Yn(k)\  V°   a'e-

then  Y   —» 0 a.e.
n

Proof.   Standard use of the Borel-Cantelli lemma and the Markov inequality.

In the rest of this collection of basic results we let A, A  , B, B   Ç /    with

C = A fiB, C ' = A ' n B ' and a = \A\, a ' = \A   |, etc.   We assume without loss

of generality that a > b and a ' > b'.   For DC/ ,  SD = S¡f¡) X¿.   Further, we

let d, f, h, i, I £ I and k, m, n £ I .

Symmetrization.   An often used technique in probability theory is the sym-

metrization of a random variable  Y [12, p. 245J-   One considers a random variable

y     independent of but identically distributed to  V,   and defines the symmetric

random variable  Ys = Y - Y ,   to be the symmetrization of Y.   Similarly, if  Yy

Y2, • • •   are random variables then S£ = 2*   , y?  where the  Y¡   ate independent

of each other and of the fy j  sequence.   If fid) is the characteristic function of

y  then  \fi0)\2 is the characteristic function of Ys.

Needed results about the characteristic function fiO) of a symmetric random

variable  X.   If X  is the symmetrization of a random variable  y,   then clearly

fid) > 0  for all 6 £ i — n, n], but this does'not hold for a general symmetric  X.

Thus we define eQ = maxii £ (0, 77]: /(Ö) > 0 for |0| <ej  and sQ = sup{|/(0)|: 6 £

i - n, - eQ) u i(0, n)\ where s„ = 0 if („ = n.

That íQ  and sQ  are well defined is contained in

(Cl)   fiB) is real valued, continuous at 0,  /(o) = 1 (i.e., eQ > 0) and sQ < 1

(because X(  satisfies  ico)).

By the inversion formula for characteristic functions:

(C2)   P[Sn = l]= Í2U)-1 ¡n_ncosiW)fnid)da.

By the definition of sQ, we see (2z7)_ l f ~J„  + ¡"   I /"^)| d6 < s"0  and so

P[Sn = 0] - P[S   = /] > (2;r)- 1 f °   (1 - cos U6))fni6) dB - 2sl > - 2s^.

Thus we have
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(C3)   \P\Sn = /]- Í2n)-lfl0(Q COsiie)fh^)de\ < s"0  and  P[Sn = O] + 2sn0 >

P[S   = /]•
71

Let p be the counting measure on /,  then for /, g e£2(/, p)

(C4)   (Plancherel's theorem)

Zf(b)&)-±jlnfid)ëÏ0)dd
h

where / and g  ate the Fourier transforms of / and g.

Needed results from [4].   Let Xj  be a lattice variable satisfying (tu) and

E(Xj)= EiX"^) (where  oo ¡s allowed).

(CEI)   P[Sn = h]/P[Sn_m = /] V 1 (Theorem 4 of Ul).

(CE2)   For r > 0,  3   a constant K depending on r, e, and h - I but not on

h or n : V i > 0

P[Sn = h] - P[5n = /] < K72-1/2+eP[5n - b] + iTr.

In Theorem 3.2 of [4] Chung and Erdös do not claim  K depends only on h - I

but their proof reveals this is so.

Needed results about ruled sums.   We first state a corollary of Holder's in-

equality:

(R0)    Let \an\ be a sequence of positive numbers and let {iil)\ and (/(/)!

be two  1-1 maps of I onto I.   Then

(a) 2/a(/)a(z(/))^2/(a(/))2,

(b) 2/fl(/)a(z(/))a(7(/))^2/(a(/))3..

(Rl)   If a=b = a' =b' and c>c' then   P[S A = l. Sß = l]> P[S A , =

I. sB, = I].

Un particular,   P[SA = l, Sß = l]> P2[Sa = /].)

Proof.   Without loss of generality we assume c = c   + 1.

P[SA = /, SB = /] = Z P2 \s\a\-\c\ = l~h] PlSc = *1

=  Z   Z   p2^Sa-c ' l - h]P[Xl =h~ dlP[Sc' " d]
h       d

=   Z ptic< = d] Z p2tia-c - l - h]P[Xi = h~d]
d h

> r p\s. -d\ [z püa-c=z - ¿]p[xi=h - A'
d      c        L h J

=   Z  PÜ'C>   = «1 P2t5a-c'   = l - d] = P[SA' • l>   V m /]
d

where the inequality is the Schwarz  inequality with respect to the probability
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measure Xd on  / given by  Xdi\i\) = P[X. = i - d] for  i e /.

(R2) (a)   Ler  Q be an event independent of \X \, i e A ' Ç A.   If X ■ is sym-

metric

P[SA = d,d]< iP[Sa, = 0] + 2sa0')P[Q].

(b) LeT 6? be an event independent of \X \, i £ A ' u B ' where A ' Ç A,

B' Ç B,  A n ß = 0   and a' = b'.   Then

p[sA -sB=d,m< P[Ssa, = 0]P[(3].

(c) Le/  U  ¿>e azz event1 independent of \X .\,  i e A ' u B ' U C ',   where A '

ÇA,   ß ' C ß,   C'CC,   A, ß and C are pairwise disjoint and a ' - b ' = c '.   Then

P[SA -SC = °>SB-SC = °> ® ^ P[SA> * SC - °- V - SC ■ °lptÖl-

Proof,   (a)   By (C3)

P[5A = d, &] =  £  P[SV = a1 - /b]P[5^   ^ = h, Ö]

< (P[5fl/ = 0] + 2sa0')P[Q].

(b)   Because a ' = b ' and Anß = 0, we see that SA , - SB ,   is the sum of

a '   independent symmetrizations of Xj.   Hence by hypothesis and (C3)

p[sA -SB = d,Q]= H P[Ssa, = d - h]P[SA -sB- isA, - sB.) = h, Ö]
h

< p[ssa, = o]p[(5].

(c)

P[^-5c = 0,SB-5c = 0,â]

= L PlsA,-sc, = g,sB,-scl = h}

• p^a - sc - {sa- ~ Sc] -~s.sB~sc- isB, - sc.) = -h,®.

<maxP[SA, -Sc, = g, SB, - Sc, = ¿]P[fi].
g.b

Since

P[SA, - Sc, = g, SB, -Sc, = h]    =  £ P[SC, = z]P[5A, = g + z]P[5ß, = h + «],

(R2c) now follows from the hypothesis a ' = b ' = c ' and the case (b) of (R0).

(R3)   Let r > 0 azza" EX + = EX~X-    3 a corzszarz/   K depending only on r and

l-d: Vf > 0
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P[SA =l,SB = h\- P[SA =d,SB = h]

< Kia - c)-l/2+eP[SA =l,SB-b] + ia- c)-rP[SB = hl

Proof.   Recalling that in (CE2) the constant K depends only on the differenc

of the values, we have

P[SA - /, SB « b] - P[SA =d,SB= h]

=   Z (P^a-c = l - /] - PlSa-c = d - f])P[SC = A SB = h]
f

< Z iKia-c)-ln«P[Sa_c = /-/] + (a - c)-r)P[Sc = /, Sß = *]

/

< X(a - c)"172^^ = /, SB = h\ + (a - c)~rP[SB = *].

This ends our list of basic results, and we begin to prove the visitation re-

sults; (1) of Theorem 1 is actually a special case of the following more general

result:

Lemma 1. Let \Z \ be a sequence of d dimensional lattice random vectors,

ißnl be a sequence of subsets of I , aria" g: R —> R+ with gix) T oo and g 'ix) positive

and I.   If there is an ( £ (0, l) so that

(t ') Z g'iMk)iPlZk £ Bk | Z . e B .] - P[Zk £ Bfc]) < Kig'iMj)

for all j, n £ /+ and if M   —> <*>, /ien
' ' ' 7!

77

(1) lfm giMj'1 Z s'^.tylZ. e B .] = 1    a.s.
i=l

Furthermore, if

_ 77

lim(l/g(M )) I/IM^Z^ eBk\z, eßJ-PttZ^ eBk])^0'
k=i

then

(2) P[Z . £ B . Í.O.]- 1.

Proof. Let Lin) = 2?_jg 'iM{)<p[Zi £ 8,1- Because g 'ix) is nonincreasing,

we may use the standard approximation of sequences by the Riemann integral to

obtain E(L0i))=O(l) + g(MJi), i.e., since gix) Î oo and Mn Î «., E(L(n)) ~g(/M„).

Letting Vn s E[(g(Mn))_1L(n)- l]2, we have
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g2iM  )Vn < OigiM))

+ 2  ZZ g'(M)g'iMk)iP[Zk £ Bk, Z. £ B] - mkm)
fc>/al

= OigiMj)

n n

+ 2   £ g'(M)m.     Z    ë'(Mk)iP[Zk £ Bk \Z   £ B ] - m,)
;«1 fe«y+i

= 0(g1+f(M )).
° 7Z

Thus  Vn = Oig~l+eiMn)).

Proof of (1).   We take  Yn = (g(Mn))~ ^(tz) - 1, C;¡ = (g(MB))~ ! +f   and nik)

so that g^nf^))1"6 ~ k2 in Lemma 0.   Then  ^kcn{k) < ~ is clear and so  yn(fe)

-£ 0 a.e.   But the choice of tzU) gives g(A1„(ife)Vg(Mn(fe + I)) —> 1   and so

max |y   -y  ,J<(g(M  ,.,))_1(L  ,.   ,,- L   ...)
,,    , .        n n(kY -   6      7i(fe) 7?(fe + t)        7z(feK

7i(e)<7Z<7z(* + l )

^MkM^^-giM^MgiM^))

-  0    a.e.

-2

Thus an application of Lemma 0 establishes (1).

Proof of (2).   We have

V    < OigiM  )~l)
7!   — ° 7J

+ f-i-, 1 g'iM)m\ -L-    ¿    g'(M4XP[Z. e B.\Z. e ß ] - Tzz,) - 0.

Choose  nik)  so that   Vn(fe)<^~2.   Then  (g('v'„(yfe)))" XLinik)) - 1 = -^> = 0 a.e. by

the Borel-Cantelli lemma.   But gix) I oo and so continuing as in the remarks pre-

ceding Corollary 2 in § I, the proof of Lemma 1 is completed.

In this paper we are primarily interested, as in (1) of Theorem 1, in the case

where B siaj for all n and some a e / . (1) of Proposition 1 is a special case

of

Lemma 2.   Lez  iZ, j be a sequence of random variables and g £ R    —' R

satisfy g ' > 0, g ' I and xg '(x) = Oig n(x)) for some fQ e (0, l).

Let  M    —» oo.   Assume
n

(a)   3c > 0  and v < 1:   V;,   k £ I+ with j < k,   P[Zk = a \ Z. ~ a] <

PiZ,    . = 0] + cvk->.
fe—;
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(b)   There is a sequence of i.i.d. random variables  \Y \ satisfying  (tu) with

EiY~) such that  P[Zk = O] = P[2*„j Yj = 0] for ail k.

Then (t ') holds for Bn=\a\.

If the Z.   are a'-dimensional random vectors and a is the a'-dimensional 0

vector, then  (t  ) holds under the weaker hypothesis obtained by deleting (b).

Proof.   By hypothesis (a) and the fact that g 'ix) is bounded,

77

Q„=   Z   g'iMk)iP[Zk = a | Z. = a] - m¡)

n-j t?.

<   Z ê'iMk+)mkiO) -    £    «'(*•/>* + 0(1).
¿ = 1 jfe=; + l

By the hypothesis on gix), hypothesis (b) and ip) (i.e.,  Mfíia)/Mnia ') = Oil))

we see

(*) Z  giM,)mkiO) < g'iM)M{0) = 0ig°iM .)).
k = l

Now let \b,\ be a sequence in  R     with  bk < 1 for all k,   let r > S > 0,  then

by Holder's inequality,

77 /7! \   r_ S    /     77 \    l_r + S

Z k->bk<[Z k-^-%A    (Z *l/(1-r+S))
fe=i V=i /     \fe=i /

(H)
// n \l_r + Si

-oil?. bkk

We then have

77-7

(**) Z    8^k+,W0)-    Z    g'(Mk)mk

<    X    g'OW^Xm^O) - m ¿)    since gix) I,

7!

<A    X    g'(Mfe)272fe(0)^-1/2+f'    for any e'> 0 by (CE2)

fe=, + 1 and hypothesis (b),

/   77 \ y + e"

0(   Z    «'(Al^w^O))  2 for any e" > e'   by (H),

0(gM+i"(Mn)).



VISITATIONS OF RULED SUMS 415

For the last inequality we have used the standard discrete approximation to the

Riemann integral and the fact g ' is nonincreasing.   In the application of (H) we

have used the fact that g ' is bounded and  ^(O) —» 0 so for all  large   k

g'iMk)mA0)<l.

Since f ' may be arbitrarily close to 0 and ("  arbitrarily close to (',  any

t > max(M, íQ) suffices for (t')-

Finally, when the Z,   are ¿/-dimensional but a is the a'-dimensional  0  vector,

the proof becomes much simpler since only the hypothesis on g  implies  ( *)  and

that the expression  (**) is < 0.

Proof of (2) of Theorem 1.   Let Dil, n) = %l=l<f>[S{k) = a] - ^"k=i<p[S(k) = a ']

with   Dn s Dil, n), and let M¡ n s 2"_;mr    By (R3) with r = 3

E[D2il, »)]- OiMln)

«])+ 2    EZ   MS{k) = a, Su) = «] - P[S{k) - a, 5(;,
l<j<k<n

+ (P[5(fc) = a'.S(.).a']-P[SU) = a,S(.) = fl'])}

= OiMt   ) + 0 I" ZL  K* - /)"H+f'(ptSa) = a, SU) = a]
I ls,j<k<n

+ p[s(k) = a'> su) - ö'])

+ a-/)-3P[S. eia, a'j]j|     Vf'

0(M.   )+0(/M.   )+ ¿zzz.(a) Z k-y>+e'p[s
1.7! Z,7Z *—'       ; ~

k=l
)  = «!*<,■) = «]

(*)

+ !>,(«') E*"M+£'P^(fc) = ä'iS(y)-0']     Vf,>0-
; = Z      ; k=l

Applying (H) and the hypothesis (tt) of (2) to the last inequality gives

E[D2il,n)]<KiM.    +M,   (M1+2e)H+£" )    (Vf" > 0)
— l,n l,n      n

<KiM,   My>+(+e")    (Vf">0).
— l,n    n

An inequality that appears in Billingsley [2, p. 102] says that if {V¿Î  is a

sequence of random variables for which   3 a positive sequence !ft;j and ß,v>l:

i **)

then

2>,i=i

n        ,ß
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k xv /  n        ,ß

max   IV,.      <lg2(4»)fZr*f]   •
Uk<n   iml       J \i = l       I

If we take  p. = Km^**  ,  v = 2  and ß = 1   then  (*)  shows that  (**) holds

for  Yi = (p[Sj = a] - cf>[Si = a '].   Noting that the hypothesis on X, in (2) implies

721_cl= OiMn) we obtain

E  /max   D. V = 0(lg2(472)M3/2+f+í")    (Ve" > 0)

l<k<n        J

= 0(M3/2+i+f")     (Ve">0).
77

Fix f"   and choose nik) so that M  ,,*~ k    where   X > (í")~   .    Then
rt\k J

M ,.    , s/ M  ,., ~ 1  and so

E f max D /M«'«>*«'2>^ V = 0ÍM~f') = OU"^').

Since  2, k~ < oo, the Markov inequality and the Borel-Cantelli lemma imply

(D  /M<3/4)+<i/2>*")    _^   o    a.e.
7i(fc)<n<7!U + l)       "      " k~VX

Proof of (2) of Proposition 1.   By (R2) we see

Z     rtS(4)-«|Sw-«n<   Z    mk_.iO) + 2sk0->=OiMn)
fe=7 + l kmj+1

which clearly means  (tt) holds with f = 0.

Proof of (3) of Theorem 1.   Let 5 £ (0, l).   For k £ I + define nik) =

maxi/: M. < M^l-   Because m. < 1,  we see M„(/fe) ~ M¿-   By hypothesis,  (t) holds

for gix) = lg x and thus by (1) of Theorem 1

nik)

limUgM^)-1   L 0[S(f) = «]/«. = 5.
k i = l

Therefore

1 -5 = limdg Mk)~l      Z       ^[5(.) = a]/A1.
k ¿«n(fe)+l

-*¥ (£*")■ ^/"î *« «*•
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i.e.,

P    Z <f>lS(i) - «] < Ml'   Lo.    = 0    for all 8' £ (0, 1).

This, combined with (2) of Theorem 1 yields (3) of Theorem 1.

Proof of Theorem 2.   We will first prove (1) «=> (2), (3) => (1) and (2) =»(3)

establishing the equivalence of (1), (2) and (3) which do not involve statements

about sample sequences of ruled sums.   (4a) => (4b), (5a) =» (5b) and (6a) — (6b)

are obvious since the (b) statements are weakened forms of the (a) statements in

which  V is replaced by   3 .   We then show that (4b) =» (2), (5b) -> (3), (6b) => (2)

follow from the monotone convergence theorem and the Borel-Cantelli lemma.   Next

we show that (6a) =» (4a) and (5a) by a Fubini's theorem argument.   Finally we

prove that (1) =» (6a) which completes the demonstration of equivalence of the

nine conditions of Theorem 2.   The proof of (1) =» (6a) relies on tools developed

earlier, in particular Lemma 1 and Lemma 2.

(1) « (2).   By(C4),

Z Z P2[Sn = a] = i2n)-1   ZSljf^\2"de-
n       a n    '

(3) - (1).   By(C2),

Z Pisn = dn] <i2n)-1 ZFjfW\ndd = i2TT)-lf7[nii-\ïie)\)-i(ie.
7! n

(2) — (3).   Vtz  let dn: P[Sn = dj = maxaPtSn = a].   Then

Z PIS   =d]> Y   Y  P2[S   - a] - ~.
n n       a

(4a) =*  (4b), (5a) =» (5b), (6a) =» (6b).   Obvious.

(4b) =>  (2).   By the monotone convergence theorem

\   7i j n       a

(5b)  =» (3).   By the Borel-Cantelli lemma

P[SM -dn = a Lo-] > ° - E pti{n) = àn + a] = -
n

(6b) =>  (2).   By the Borel-Cantelli lemma

^i.),    ■   'M,    +   a     {-°-]>0   =*Ç    P[SMl    =   5(7Z)2   +   ̂    =   -

Since the variables  S,   s    and S,   v     are independent
\Tl ) * V* I y
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00 =   Z pis<   ,    = s<  1   + a] =  V   V  772 (a + ¿,)m (è) <   £   E m2ib)
n l A n        b n        b

by (a) of (RO).

(6a) => (4a) and (5a).   Consider the maps o^  and o"2 defined by  a An) = 2n +

1  and o An) = 2n  for all 72 e /   .   Then by Theorem 6 in $ III (which is independent

of § II), we see the rules ( )x  and ( )2 gotten by  in){ = U e(n) <*,(/)> i = 1, 2,

define two sequences of ruled sums equivalent to the sequence of ruled sums

defined by  ( )•   These two rules,   ( )j  and  ( )2  have the property demanded in

(6), i.e.,  in)x n (j7z)2 = 0   tot n, m £ I+,  and thus

(*) P[S.  .   = S,  ,   + a, i.o.] = 1     for all a £ I.
(n). yn)2

We now use a standard Fubini argument often associated with symmetrization

([l2, p. 245] or [7, p. 7]).   Consider the sample spaces ÎÎ.   and Q2 generated by

¿eU (   ) ^í^ an£l  ^ííU (   ) ^1^ resPectlvely.   Then the total sample space

Í1  could be taken as iîj x Q2  and the probability  P on Q, could be considered

to be  Pj x P2 where  P,   and  P 2 are   P restricted to Q j  and iî2 respectively.

For a £ I,   we define

A    = [eo £ fi,: P.[S.  ,   = 5,  ,  (w) + a i.o.] = l].

By  (*) and the Fubini theorem we see that  P[Aa] = P^-A^ = 1  for all a £ I.

For a = 0, (4) follows for w e Afl by the easy half of the Borel-Cantelli

lemma.

f is a countable and so  Pill A  ] = 1.   Letting o> e I \Aa and d   =

5(n) (oj), (5) follows.

(1) =» (6a).   In Lemma 2 we let Z. = 5,.,   - S,.,  , i.e.,  Z    is the sum of 7
v  ' j        (7)2        w)i J

independent symmetrizations of Xj.   Thus (b) of Lemma 2 is satisfied.

Letting A = (¿O^B * ik)p  A 'ÇU), - U\ n (;)j, B'C U)2- ik)2 n(/)2

with  IA '| = \B 'I = & - j and letting (3 = [Z. = a] in (R2b) we see

P[Z, =a,Z. = a]<P[Z,. = 0]P[Z . = a]
ft 7 *™ 7 7

i.e.,   P[Zk = a I Z. = a] < P[Zfe_- = O] which shows (a) of Lemma 2 is satisfied.

(1)   implies 'fn_n(l- \Ji6)\2)-ldd= 00 and so by (C2), Mn ^  00.

So letting gix) = lg x in Lemmas 1 and 2 we see (1) implies (6a).   In fact

by (1) of Lemma 1 we have a "rate of occurrence" for these meetings S^n)   =

(77.) 2

Proof of Theorem 3.   In Lemma 2, we let Z    = (y  ,  V  ) = iS/„\   ~ S(„)   >

S<„^   -5,  v ).   Thus  P[(S,  . , 5.  , ) = (S,* , S(n) ) i.o.] = P[Z   = (0, 0) i.o.].
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Using (R2b),

Pte = (o, o), z . = (o, o)] = p[y  = o, y. = o]p[v = o, v = o]
72 ; 7j j n '      j

< P[Y    . = o]p[y. = o]p[v    . = 0]P[y=0]

= p[z. = (o, o)]p[zn_j = (0, 0)].

Thus (a) of Lemma 2 is satisfied and so for gix) =» lg x,   Lemma 1 and Lemma 2

show that P[Zn = (0, 0) i.o.] = 1 iff ?„ PÍZn = (0, 0)] = °q.   However, by (C4),

Zp[Zn =(0,0)]   =  Z(Zp2^n = al)2
n tí   \  a /

= (277)-2   Z Sn_n J \fM)\2n\fW\2nd9d<p = -
n

We have proved (1), (2) and (3) of Theorem 3 are equivalent.

We now show (4) is equivalent to (1) and (2).   First, by the Schwarz inequal-

ity,

E (E <(a))2 í Z(Z ml{a))(Z mn{a)) - E E »>)•
7z\a / 7¡\fl /\° /an

On the other hand, since the Fourier transform of a product of two functions is the

convolution of their Fourier transforms,

Z m\a) = (2tz)-2 fff"ie)fnid-<p)f"i<p)ddd<p
a

by Plancherel's theorem (C4).   Since  |/"(0)/"(0 - </>)]" (<f>)\ < \fni6)fnicp)\,

E   ff7"iO)J"iO-<p)7"i<p)dddcp
n

< E /J |/"(0)||/"(<£)|a-0<# = J/d - \fid)\\fi<p)\)-xd0d<p.
n

Hence

E E »!w-   Z(Z ml{a)Y and  l/d-l/WWP"1*^
n       a n   \ a '

are infinite together completing the proof that (1)—(4) are equivalent.

We now show (5) is equivalent to (4) to complete the proof of Theorem 3.   In

Lemma 2 we let Z   = (5,   .   - S,  .     S,  .   - S,  -.  ).   Thus
7! (7z)j (7Z),>        (tz)2 (TZ),
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PliS,  ,   = S,  .    = S. .    i.o.]
(fl)j (77)2 (77),

= P\.iS(n)   -S        =0,5,.   -S,  .   =0) i.o.] = P[Z   =(0,0) i.o.].
\n>x (77), (77)2 (77), 77 '

Let X, X ', X"  be independent and distributed like Xj.   To show (a) of Lem-

ma 2 is satisfied, we take, in (R2c),  fl = [Zy = (0, 0)], A = in)v B = in)2, C = (72),,

A'çin)x-ij)x, B'Çin)2-ij)2, C'çin\-ij\ with   \A '\ « \B'\ = |C '| = « - /.

By the hypothesis of Theorem 3,  A, B  and  C  are pairwise disjoint and A ', B '

and C ' ate independent of u.   By (R2c), the definition of Z    and the first sentence

of this paragraph

PlZ . = (0, 0), Z   = (0, 0)] < P[Z . = (0, 0)]P[Z      . = (0, 0)];
7 77 - 7 75-7 ' '

i.e., (a) of Lemma 2 is satisfied.   For gix) - lg x.   Lemma 1 and Lemma 2 now show

that  PlZ   = (0, 0) i.o.] = 1 iff 2   PlZ   = (0, 0)] = 00, i.e., iff 2   2   mHa) = 00 by
777 77777 ' n    ci    n . ;

definition of Z  .   This completes the proof of the equivalence of (1)—(5) of Theo-

rem 3.   (1) of Lemma 1 actually establishes a "rate of occurrence" for these triple

meetings S,  .   = S,  ■.   = S,  %  .
o      (n)j        (n)2       (n).

The conditions in Lemma 2 yield a rate of visitation in Theorem 1. For The-

orem 4, the variables are not necessarily lattice and we are only interested in in-

finite visitation so we use a somewhat different method based on Lemma 3.

Lemma 3.   Let \X  \  be a sequence of independent random variables, let

ÍB   \  be a sequence of open intervals in  R,   and let f/nt  be a sequence of functions

Xflj R • — R.   Let Znmfu(XV'~,Xn,---) and for x v . • •, %n e R let Yn =

£R

(a) 3T > 0   and  nQ: \fn > n0  Plyn £ßJ>YPlZn e ßj,

(b) 3 a subsequence nik) of I   :

n(k) n(k)

max        Z    P\-Y,£B,\Y.£B]<A   Z   P\-Y, £ B.]
lij<n(k)   /=; + l ' 7 #,1

then

P[Z. €B. z'.o.] = JiffZPtZ. £B]
< 00

Proof.   Since  2 P[Z. e B ] < 00 =» PlZj £ Bj = 0 i.o.] = 0 by the Borel-Cantelli

lemma we assume 2 P[Z . e By] = 00.   By (a) this implies 2 P[yy e By] = 00.   Hence
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(*) 7 = 1

limf Z 4>VYj £ B }  Z ptyy e BA > °

< P[y . e ß . i.o.] = PtZ . £ B . i.o. | X. = x., ..., X    = x   ]
7 ; ; ; 1 1 mm

since the   X.  are independent.

Kochen and Stone [Ç>] showed that for any sequence of random variables  W.

P    Û^ Z <f)ÍW . £ B ]   Z P[W . £ B ] > 0\

_   In \2 I      "

>lim[ E ptV   eß] ] /   E     P[W   eB, W.eß.].
\7 = i        '       ' //i-l./-J

Taking  W. = y.  and letting zV    =2"    . P[y. eß.], (*)  says
°77 otzjsI 77 '

P[[Z. eß   i.o.]|X. =x,, ..., X    = *   ] > lim/V2/E   P[y. eß, y. eß]
7 7 '11 771 m    - "/•   •    , z '7 7

while (b) gives

7l(fe)

y   P[y. eß, y. eß]
*—' lili

z.J=l

7l(fe) 7¡(fe)

= o(/V2     )+2  £  p[y   eß.]   X   P[y. eß.|y. eß.]<o(/V2,,,) + 2A/V2il,,.
THfe) *-* 1 7        ^^ 1 17 7    — 7l(fe) 7¡(/e)

7=1 1=7+1

Thus Vztz e/+, Vx., ... ,x    £R,   P[[Z. eß. i.o.] I X. = x., ..., X    =x   ]>
1 771 ; 7 '1 1 771771     —

(1/2A).   By a corollary of the martingale convergence theorem [3, p. 931»

P[[Z. eß. i.o.] |X., ..., X   ]    -.    <f>iZ . £ B    i.o.)
7 7 '1 771 771 ^ 7 7

a.e.   Now </>[Z. e B. i.o.] is an indicator function and thus takes only the values

0 ot  1.   However, we have shown  0  to be > (l/2A) a.e. and thus  cp equals   1

a.e.   The proof is complete.

Proof of Theorem 4.   To prove this theorem, we first note the following:

Note 1. • Since a   = 0(72), we see, that for 0 < f < \c\, 3 wQ > 0 such that

n > nQ => [ \S(n)/an -d\<e]C[ \iS{n) - nc)/n | > f].

Note 2.   A theorem of Katz [ll] states:   For a > 1,

EXa <oc iff  Z  k°~2P

fe = l

SL - kEXf]
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Note 3.   This note was pointed out to us by K. G. Binmore and M. Katz.   A

result of Stone [l9] applied to nonlattice variables  X. with  EÍX ■) = 0,  E(X2) = 1

states   Pl\Jn:x<Sn<^nix+h)]=il/\j2¿)fxx+he-x2/2 + 0f|(l)(¿ + l/y/t) where  o(l)

is uniform in x, h.   Define x, h by yfnx = b ,   \fnix + h) = c  .   Then if bin), ein) =
n 77

oinA) and ein) - bin) > K > 0 the Stone theorem yields  Plbin) < S   < ein)] ~
— J n

icin) - bin))i2nn)~'.   (A similar result holds for lattice random variables (Gnedenko

and Kolmogoroff [l0, p. 233]).)

(4) =>(1) and (2) =» (1).   In Note 1, let c = EXX  and d= 0 if (4) holds, d=b

if (2) holds and then combine this with Note 2 and  a= 2 to get a contradiction.

(3) ==» (2) and (3) =* (4) are easy.   To complete the proof of equivalence we

show(l)=» (3).

(1) =» (3).   In Lemma 3, let fnixx, • • • , x¡, • • • ) = a~   2-€._)*-••   Further let

m e / +; x x, . . . , x     £ R;  Y n = Y' (x x, • • • , x   ), and B   =ib - (, b + e) fot all n.

Let Anib, ()s[\Yn(xv ■■■,xm)-b\ <f]m[YH £ bJ.

Now in Note 3, let  ¿7(72) = a ib - e) - 2. _.,   .       x. and eta) = a ib + () -3 77 7^(777117771 77

2C,   n„     x..   Since 722 is fixed, we see
7e(7î)n'?7!    1 '

P[y    e B ] = P[bin) < SU , , < a«)] ~ 2 e « (2*»)"*
" 77 ¡(777—7770(72)1 77

(i.e., it is asymptotically independent of x  , ■ • • , x     and b).   Hence since a

is nondecreasing we have

77 77

Z     P[Akib,t)\A.ib,c)]<    Z    Pl\Sk_j-biak-a)\<iak + a)e]

(*)
fe=; + l

0
\fe = ;'+l /

(**)        ¿PU(fe,f)]>    Z    P[Afe(è,e)]>K    X    a^-'^ >Ka^272H.
k = l k=n/2 k-n/2

Thus to finish the proof of Theorem 4, we combine (*) and (**) with Lemma 3

where  nik) is a subsequence of /     with the property that a   ,, . < Ca  /¿w2  f°r

some fixed positive constant C.   Such a sequence rcU) exists since even

lim_a2,/a, > \[2 =» lima n/(2") 2 = oo and this contradicts a   = o(nA).

Proof of Theorem 5.   If /(2ítí) / 1,

It e277^(77)

77 = 1

1    v^    v^ 2nit(S     -S      )—  Z    Z   E(c (n)     (m) )
ZV2    777 = 1    77 = 1

N2    777 = 1    77=1 N        1    -    |/|(2i7l) \'V
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2TTitS
We conclude  (l//V)IN   ,e <n) —' 0 a.e., by Lemma 0 with  N, = k2,  since

fe+i
max

2nitS
(tj)

fe

fe + 1
= max

N=N,

- z*
fe   71 = 1

277,l5'
(77)

Z-Ze
71 = 1 71 = 1

2771/5 2TTHS
(n)

< (2/fe + l)/k2 + 2/k = o(l).

W7      i    »i—lvN        2TTi(l/a)S
By the hypothesis, a.e., VI £l, N    ¿„=1e

aient to S,  , equidistributed mod (0, a) a.e. [20].

(ti) 0.   This is equiv-

III.   Equivalence relations and partial orderings on rules.   In this section

we consider the question of when two rules may be considered equivalent from

the viewpoint of ruled sums.   In Theorem 6 we show that two natural definitions

lead to the same equivalence relation.   Theorem 6 is stated for lattice random

variables for convenience.   We then consider a weaker equivalence relation and

associated partial ordering for Gaussian variables and prove in Theorem 7 an

extension of a theorem of [ll-

Theorem 6.   Let  i ) and i )    he two rules.   Then conditions (a) and (b) are

equivalent.

(a) 3  a  1-1  map a from 1)°°.^) onto U°°-i(z)': V"   e /+  in)'=\oii), i £

in)\,

(b) V/, zr...,z\ e/+ \iiAn... nii.)\= \iiA'r)...niij)'\,.

S.  y n - 1, 2, • • • , and S,  ,;, tz = 1, 2, • • • , define equivalent stochastic

processes for all distributions mia) = PÍX l = a) iff one and hence both of (a)

and (b) hold.

Proof.   That (a) => (b) is clear since o-{(ij)n... n(z.)j = oiiix))n . ■ .noiii.))

= (z1)'n... nii.)'..

To prove the converse, we first show that a mapping can always be defined

if we restrict attention to any finite number tz  of sets  (z,), • • • , (z   ).

Lemma 4.   // V , ... , V   are n finite sets, then the  2n  cardinalities

IVfjO •••nVI-.n(J»j|1Vi.|, ; = 0, •••,»,   and the  2" cardinalities   IVj'nV^n

•■•nv  " l"lU"_jV'|   where each 8- varies over the two values complementation

(= 0) or its absence  (=1) determine each other uniquely.

Proof.   Wedenote  |V,-j n • ■ • DVi-\  by  R    where u =~u is an n-long binary

index iu j • • • u) with uk= 1 for k = z'j, • • • , i. and uk = 0 otherwise.   We
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denote  \V^ n--- n V^n \J"sl V,-|  by Dg where 8 = (81, ••-, Sn).

The  2"  vector R  is clearly obtained from the  2"  vector D by a linear

transformation A, P. = AZ),   viz. «u = ^-uS^D s,  where zz < § is defined as zz^ <

S,   for all  k = 1, • ■ • , n.   Thus  D  determines   R  uniquely.   Conversely we show

detA = 1  so that D = A~   R  and R determines D uniquely.   For n = 1 detA = 1.

If the result is true for n  and A     is the  2" x 2"  matrix effecting the transforma-

tion from D to R,   for 72+1  the  2" + 1 x 2"+1  matrix is

whose determinant = (det A   )   = 1  completing the induction.

We now complete the proof that (b) ""» (a) in Theorem 6.   For any m £ I *

the  2m  sets (1)   1 O • ■ • n (jtz) m, 8. = 0, 1,  i = 1, • ■ • , m,   ate disjoint so by

Lemma 4 we may define a  1-1 map r from [J™_Ak) onto Ur=i^)' preserving

cardinalities of intersections of sets  (i), z = 1, • • • , 722,   by mapping the elements
K fi S S

in  ( 1)    1 n . . • n (m) m,   1-1  onto the elements in ( 1) '   l  H . . . n (m) ' m  for

8 x, ■ • ■ , 8    = 0, 1.   In the set of all such mappings r = r     tot any 222 e /     we

define t    < t     if m < n  and t    = t     on domain t   .   For each 222 = 1, 2, • • •
777 77 7? 777 777 '

there are only finitely many mappings t     and there exist mappings t    for arbi-

trarily large 22.   Hence we can  choose an infinite chain  r   < r2 <.   For

z eU^°_i(^) we may define Hz) = ?"fe(z) where i e dornr^.  r necessarily maps

U~=1U)  1-1 onto U~=1U)'.   Thus (b) =* (a).

If (a) and (b) hold for ( ) and ( ) , then for   P(Xj = a) = m(a) tot any j, n x

• : • 22. £ I     and  a,  • • • a ■ £ I we have
7 1 1

P[S'nx) * «1» *• * • S(« .) = fl,J * P[S(„1)' = «.'•••> *(„.)' = «,J

z       n»"|5|(*s)
(£x>    xs=a.).   .   , .     5o2y .    0       7   i = t ,2 ,••• ,7

S
where 8 = {Sfc, ¿ = 1, • • •, ;},  \8\ = IlKn^) kn UÍ_i^¿)|  and v¿ 1S a /-vector

with 1 in the z'th place and 0's elsewhere.   Since all finite-dimensional probabil-

ities are equal, S.  .  and S,. ,  define equivalent processes.   Conversely if (a)

and (b) fail to hold it is clear we can find a distribution 222(a) and nx • • ■ n-\

p[s(n)r = aV " • ' hnj) -«/I«4 PtsC-i>* "ai.S<«/) ' = ail  This comPletes

the proof of Theorem 6.

If either and hence both of (a) and (b) hold, we say  ()&()'.   A weaker

equivalence relation  » defined by () — ()' iff Vz, j £ I     \(i) O (/)| = |(z')'n

(/)  j   is sufficient when the underlying variable  Xj  is Gaussian since the S,.,
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are jointly Gaussian and the covariances E(5,.>S,..)= \(i) D (/)|  define the process.

An example of two non ^ rules which are ^ is easy.   Let (2) = Í2, 3J> (3) =

13, 4, 5l,(4) = i2, 4, 6, 7|,(2)' = |2, 31, (3) ' = Í3, 4, 5i, (4) ' = Í3, 6, 7, 8j with

in) = in)    for n / 2, 3, 4 involving integers not appearing above.   The pairwise

intersections above have cardinality 1, but  |(2) O (3) D (4)| = 0^1 = |(2) ' n (3) '

n(4)'|..

Corresponding respectively to the two equivalence relations S and  ^ on

rules there are two natural partial orderings

()<()' iff Vy, z-.,...,z.e/+     \d A n...n (,\)| < |(¿ )' n... nW'l
= 17 * /      —        i ¿     '

convenient for general distribution  wz(fl) and

()<()'iff Vz, ye/+    |(f) n (y)| < |(«)' n (y)'|.

We have at present no good theorem on < although natural conjectures abound and

so results should be forthcoming.   The following results concern <.

Proof of Proposition (2) stated in introduction.   If the  2x2 covariance matrix

for 5...  and S,   >  is < the matrix for 5,.» ,   and S,* 1,  then following Slepian's

method [l8]

id/d\)Px [S,., e iu, v), S. , e (a, v)]
A       (7) (nl

= (gx(a, a) + gxU v) - gyiu, v) - gxiv, u)){ES(n),S(j)l - ES(fj)5(y))

(where  P.   and g.   denote respectively probabilities and densities computed ac-

cording to a covariance matrix with off diagonal entry = (l - A)ECS\ .yS^n)) +

XEÍS,  *»£,..,)).   The proposition now follows from Lemma 5.

Lemma 5.   Let 0 < c < min(a, h).   Then for all real u,v,  0 < e_(a+ +

e-(a+fc- 2c)t/2 _ e-(au2+¿>t72-2cuv) _ g-(av2+bu2- 2cuv)_

Proof.

2 2 2 2
0 < [e~(a~c)"    _ e-(a-c)ti  ][e-(fc-c)u    _ e-(b-c)v  ]

= e-(a+fe- 2c)«2 + e-(a+b-2c)v2 _ g-((fl-c) «2+(è-<r)c2) _ g-((a- c)v2 +(*.- c)«2 )

because the two factors on the right of the inequality are both positive or both

negative since a-c>0, t?-c>0.   Hence it is sufficient to show that

e-Ua-c)u2+(b-c)v2) + e-((.a-c)v2+(b-c)u2)

2 2 2 2
—(au   +bv   —2cuv) —(av   +bu   —2cuv)

However, the first term on the left is > the first term on the right because
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((a - c)u2 + b - c)v2 - iau2 + bv2 - 2cuv) = - c(zz2 + tj2 - 2uv) = - du - v)2 < 0

since c > 0 and the same relationship holds between the second terms on the

left and right completing the proof.

An extension of Proposition 2 to the joint distribution of S,  .'s  taken 3 at

a time is false.   In fact, let S{x) = X x,  5(2) = X2 + X3>  S{ 3) = X j + X2 + Xy

Then for small positive f

P[|S(1)| <e, \S(2)\ <(, |5(3)| <(]

> P[0 <XX< e/2]P[0 < X2 + X3 < e/2] ~ (l/22r)(i/2)2(l/V2)

while

Pl\Sx\ <(,  \S2\ <e,  |S3| <e]

< Pl\Xx\ < f]P[|X2| < 2e]P[|X3| < 2e] ~ (lv^r)3(2f)(4i)(4e)

= (32/V2r73)e3 <(f/2)2/(227\/2)    fot e sufficiently small.

In fact this same argument gives the same inequality for general X,   with

continuous distribution and the above rules.

Proof of Theorem 7 staled in the introduction.   By hypothesis the ÍN — n + l)

x (/V — 22 + l) covariance matrix of S.  •.!,■••, S,N-. <   dominates the covariance

matrix of S,., • ■ • , S,N..   Hence by Slepian's theorem [18, p. 468] for any c ,

• ' ' ' CN'   P[S(„) ' < c„7 • • -, S(N) , < cN] > PlS(n) <cn,.-., S(N) < cNl   Thus,

choosing c   = a X,

P[limS.  ,,/a   <X]>P[lim5,   Ja   < X].
(77) 77   -- — (77)        n   —

Since lim S,  Ja    is a constant by the Kolmogoroff 0-1 law, Theorem 7 is proved.

IV.   Tail ff-fields for ruled sums.   Let S( ) denote the tail o--field for S,.;

i.e.,  £( )= nnB(S(n). S(B+1), •••) where  B(S(n). S(n + X), •••) is the Borel

cr-field generated by S,  y S,n   .y • • • • For both S..  and Sn  this tail ff-field is

trivial by the Hewitt-Savage theorem.   However, this is not the case for other

rules, even rules closely related to (n).

Let  y be a variable independent of the X.,  all variables having the same

distribution and EX, = 0,  EX, = 1  and define S,   . = Y + S,n_ j>,  72 = 1, 2, • • • ,

so that S.   .  differs from the rule S,   .  only in the presence of a single permanent

variable  y.   We show that  y e £( ) by showing that  y e B(5(n), S(n + 1), • • • ) for

all 22.    In fact, consider

7=77     '
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Now E[(Z /log N - Y) ] = o(l), and so by Chebyshev's inequality,

Z„/log N A-* Y.    But then a subsequence converges a.s. to  Y which establishes

that   y e %.

Since for ztz  fixed EÍS,  S,   s/\lnm)- il/vmn) —* 0 as n —> °°, this same ex-

ample shows that Vm coviS,^S,   A   —» 0 is not sufficient to insure that  S( ) is

trivial even if the X.'s were TiiO, l).  However, for normal variables X ,   2 will

be trivial if Vrzz maxv     7    cov(y   . Z  )  —» 0  as 72 —► 00, where   y    = 2.™  , A.S, ...
*B1'^71 771 71 771 1=1      2    (z)

and   Zn =  2'^_np.S..)   with   A., p     real.    For this  condition  implies

maxv , „, cov(y' ,Z') —0 where  Y' e 8(S,.. • • • S,   ,) and Z' e 8(5,  ., S,    ,,,•••),
777       71 771 n 771 (1) (m) 71 (ri )'       (72 + 1)

(see   [l3,  p. I34]), and  this  latter condition  of  asymptotic  separation  of

Borel fields implies  S = 0 (see [l5l)-

Of course, one can obtain less interesting rules (72) with  S( ) ^ 0, e.g., by

having  1 e (2rz + l),  1 4 Í2n) so that Xj = S(2n + 1) - S(2n) e ^2n' ' ' " ' ^ ^or a^

n.   Similarly, we can algebraically arrange that S( ) = 8(X j, X2, • • • ) by having

each j £Ín), and é im) for arbitrarily large 77z, 72.

The rules S,   . and 5.      •> + y  are intuitively close.   However, since their

tail a -fields are different, the respective measures they induce on their sample

spaces are not equivalent and are thus orthogonal since we are dealing with nor-

mal processes [17].   It is also possible to find a rule intuitively close to S     which

has a trivial tail o-field like S    but induces a measure orthogonal to that induced

by S      Such an example is given by 5,  ^ = S      j + Yn  where ¡y^l is a sequence

of independent random variables all distributed as Xj  and independent of the

sequence  X..   The orthogonality of S,n.  and S    is shown by a standard computa-

tion with the Hellinger integral 114].

V.   More general normal processes.

Theorem IN.   Leí  y     be a centered normal process:
n r

(a) Vy < 7z, 0 < E(ynyy) < E(y2) = a2.

(b) V;<».   o2-a2>o2_..

(C)    Sj^Ü/'y)-«.
Then Va £R, Vf > 0, VS > 0

1 " 1
(1) lim-Z —1-<p[\Y   -a\ <(] -^y/27ñ e a.e.,

»— lg(2" .(I/a.)) ¿Tl  2k .(I/o.) *

P\\Z <pl\Yk\<e\- ¿ cp[\Y,-a\<e]
Ll*=i fe=i

(2)

>dg»)1+s^E d/o)\
S + !/2

i.o. = 0,
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(3) ¿ #|y  | < e]/¿ <f>[[Yk - a| < e] - 1   a.e.
fe=l I k=l

We note that in typical cases such as  a. ~ \]j,   2y1=1 I/o. ~ x/i\fî,   so that

if 0<8<8', (lg«)1 + S(2y,= 1(l/<7y))8+^<[2^=1(l/ay)]S'+^ for all large 72,   and

so the   (lg n) +    factor can be suppressed in the statement of (2).

Corollary 2N.   Under hypotheses (a) and (b) of Theorem IN Va  Pia is an

accumulation point of y ] =  ' iff 2"_,(l/ff.) ~ ~.

In order to prove Theorem IN and its associated Corollary 2N, we will need

analogs of (R2), (R3).

Under hypotheses (a) and (b) of Theorem IN,

(R2N)   P[|y   -a| <e|,  |y.-a| <f]<P[|y      | < e]P[\ Y. - a\ <•«],

(R3N)   P[\Y  I <e, ]y.-a| < t] - P[\Y   - b\ < e, \Y. - a\ < f]< K(l/(tr3,  .0 ))
» J " 7 - 77-7   7

for 72 > /.

Proof of (R2N).   Let  Y ■', Y 'n   be jointly normal centered variables with co-

variance matrix

....    (:;:|)
Thus  y ' = y ' + (y ' - y .') where (y ' - y.') is orthogonal to and thus indepen-777777 777 c5 *

dent of y..   By the proof given in § 3 of Proposition 2 stated in the introduction

P[|y.-a| <e, |y   -a\ < e]

< P[|y' -a\<(, |y' - a\ <(] =  fa+f  FY, _y,(a -y-i, a-y + e)z/Fy,(y)
' " J a~(        n       j 7

< Fy/_y,(-f, f)Fy'(a-e, a + e) < f»[| V       1 <e]P[|y   -a| < f]
77      7 '

since o"      .<cr-ff2 by hypothesis.72 — 7—     71 7      '     'r

Proof of (R3N). Yn = (E(yyyn)/a2)y. + [yn - (E(y.yn)/a2)yy] =- zn. + wnf

We note  E(Z   .W   .) = 0 and so since Z   . and  W   . ate jointly normal, they are
777    777 nJ nJ '

independent,   d2. 3 E(y.y  )/o2 < 1 (by hypothesis).
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Q s \P[\Yn- b\ <f, |y.-a| <e]- P[|yn| < f, \Y. - a\ < f]|

(a+€)d2n.

J[FW    ib - t - z, b + e-z)-Fw    i-( - z, ( - z)] dF z    (z)
(a-()d2 . ni nj »7

1     / 1       -x2/2i^2. l        -x2/2^2.\        2f
<—   max - e "' - min- e nj ] 2f —
-2« \   R   wn. R   wnj J      a.

where w2. =. var W   . = cr2 - var Z   . = a2 - E2(y.y  )o2/o4 > o2 - o2 > ol   , and
727 727 72 717 72 7     72        7 ;    —        72 7    —        "—7

P = [- |«| - |¿>| - 2f, \a\ + \b\ + 2d.   Since for A > 0,   1 - e~x < X, Q <

(|a| + |è| + 2f)2(f2/z7)(a3    .ff.)"1,.
iiii n—7     7

We now mimic the proof of (2) of Theorem 1 to prove (2) of Theorem IN.   Let

Dil, «) = ^=/0[|yfe-al <f]- Vksl(p[\Yk-a'\ < e ] with Dn = D(l, tz), and let

M,<n =^=/P[y. e(-f,f)].   By(R3N),

E[D2il, n)] = 0(M,   )

+ 2    XE KPt|yfe-a| <€, |Y.-fl| <d
/<7<fe<72

- P[\Yk-a'\ <f, |y.-a| <f])

+ iP[\Yk-a'\ <f, \Y.-a'\ <f]

-P[\Yk-a\<e,\Yra'\<e])\

= oím. )+o( 2:e — -\=o(t -)

since  a    > tzct2  by hypothesis.   We now follow the proof of (2) of Theorem 1 with

the modifications p — (i/o.) in the application of the theorem from Billingsley [2]

and  (2"_   l/cr)(log247z) replacing Min)^'2+€ "•*     from the part dealing with ~ k*

till the end of the proof.

The proofs of (1) and (3) of Theorem IN go through as previously.

We wish to express our gratitude to the referee for his many helpful suggestions

especially in formulating the present version of Theorem 4.
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