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VISITATIONS OF RULED SUMS(1)
BY

LEONARD E. BAUM AND H. H. STRATTON

ABSTRACT. Let {X;] be a sequence of independent identically distrib-
uted random variables and for D C/* let Sp=2;¢p X;. Arule () isa
mapping I+— 21*: Vn [(n)] =n and S( )= 59(,,)} is its associated ruled
sum.

Ruled sums generalize ordinary sums S,. Indeed, all a.e. results for
S, can be investigated for S(,) frequently requiring different methods and
sometimes yielding different conclusions. In a previous paper we studied
strong laws of large numbers and the law of the iterated logarithm.

In this paper we study infinite visitation. Under suitable hypotheses
on the basic distribution function F of the X; we show that, for all rules
(), S(p) visits each integer infinitely often a.e. in the lattice case (or has
all points of the real line as accumulation points in the nonlattice case).
In fact we obtain a *‘rate of visitation.”’ There follows extensions of the
Pdlya theorem on encounters in the plane and 3-space from random walks to
these ruled sums.

Some equivalence relations and partial orderings on rules are defined.
For normal variables this leads to an extension of the previously mentioned
result for ruled sums of the type of the iterated logarithm law.

I. Introduction and statement of visitation results. Let {X } be a sequence
of independent, identically distributed random variables (i.i.d.), and for D C I
(= set of positive integers) let S, = 2. X,. Let R = set of all functions ( ):
- 2" where (n) contains exactly » elements for each = el*. ()eRis
called a rule and S(n) 1is called its ruled sum. Intuitively there are two rules
that are in some sense the ‘‘extreme rules’’:

(1) (n) =11, 2, ---, n} which we denote by =,

(2) any rule () that satisfies (n) N (m) =@ for n £ m; we denote such a
rule by ( ).

Certainly n and (n) are at the top and bottom respectively in the two par-

tial orderings given by

m
O<OYiff [N ()| < for nyyeeesn , mel’
- i=l

A @)
i=1
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and
)< () iff |(”l) N (nz)l < |(nl)' ﬂ(nz)'l for ny, n, € It

(|A| means the cardinality of the set A.) < is the natural ordering on rules since

R<R’and R'<R iff R= R’ under the natural equivalence relation:

() == () iff there exists a 1-1 map 0 from

U @ onto U () such that U le@di=G)

n=1 n=1 i€(n)
for nel’.

(See Theorem 6 of S 1IL.)

The weaker ordering < is more natural when X; are normally distributed
since a Gaussian sequence S , is determined by its covariance E(S( . (,.)) =
|(n) N ()| assuming X, is JU0, 1). Moreover, the following two results of 33
help to confirm that the intuition and this ordering are in accord.

Proposition 2. For X, JU0, 1), ()< ()" iff PlS,, € v)|S ;) € )<
P[S(n): € (u, v)|5(i): € (u, v)} for all n, j elt and — o <u<v<ea.

Theorem 7. For X, JU(0, 1), ()< ()" implies lim Sy /8, < l—i;S(n)/a”
for all sequences fanlz a, — .

When X, is a normal variable, Theorem 7 extends the result

limS /a_<lmS /a <limS  /a,

obtained in [1] for symmetric X, and “‘well-behaved’’ sequences {anl.
Thus a conjecture like

(@) A theorem which holds for » and ( ) holds for all ()eRrR

arises rather naturally. An unfortunate instance where (@) fails is that although
the tail sigma field of {S )} for ()=n or () is trivial (the Hewitt-Savage the-
orem [3, p. 63)), it need not be trivial for more general rules. Indeed the tail
event [IS(Zn) = S(2n- 1)‘ <€ i.0.) will never be a 0-1 event for certain rules if
1>Pllx,|< €] > 0 (see $ 4). Nevertheless, one hopes that (©) holds for cer-
tain classes of theorems. This paper is largely devoted to (@) for the class of
theorems dealing with the visitations and distribution of values of the sequence
of ruled sums of a rule.

In the case of visitation theorems, we take X, to be a lattice random vari-
able on I (= set of integers). Without loss of generality we can assume that X,

satisfies
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@) ged Ui-il: PIX, =1>0 and P[Xx, =i >0}=1 [10, p. 232].
i,j€

Hence if P[Xl <0]>0 and P[Xl > 0]> 0 as we assume throughout then Viel,
In(@) e1*: PIS,,, = il > 0.

For {Bni a sequence of subsets of I,

n
m(B)=PlS €B ] and M (B)= 21 m{B) + 1.
1=
If B, =a}, then we write m (a) and M, (a) respectively. If a = 0, then we sup-
press the @’s in the symbols altogether as we will do whenever B is understood.
#(A) denotes the indicator function of the set A, fl0) the characteristic function
of X,.
The results in this paper on visitation theorems will now be discussed. In

the following K denotes differing positive constants and (*) or (**) will be
used for differing displayed items used only locally.

Theorem 1. Lez () €R, EXY = EX~, and let M e
(1) Let a €1, and g: RY (set of positive reals) — R*, where g(x) T o and
its derivative g '(x)> 0 and l. If g satisfies for some € €00, 1)

n

. ,QZ g' M (NPIS ) =alS ) =al- PlS, =d])
t =j

<KW @) forall 1<j<nel,

then

Lim (g(M_(a)) -1 Z g'M@)Bls , =al=1 a.e.
i=1
(2) Let m >n=%forall n €l* with 0 < a< 1. If 3¢ <}i: Va,, a, €1,
V1 <j<nelt,
Z 142¢
X Plsy,, =a, 1S, = a,) = oM **)

(11) =

then, for a €1,

> Bls =01~ El BlS ) = a

n
P
k=1
for all 8> 0.
(3) If () bolds for glx)=1gx, m_>n~* and (1) is satisfied, then

> M3/4+€/2+8 i-O.] =0
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> ¢[S(k) = 0]/2 ¢[S(k) =al -1 ae
k=1 k=1

Chung and Erdés [4] essentially showed that for () =7 and EX~ = Ex*,
(1) holds for g(x) =1g x, and € =0 and (t1) holds with € =0, i.e., they showed
that, for all @ €1, lim (IgM )~' 22_ &[5, = al/M, — 1,

d

forall >0, and 2} _, ¢ls, = a]/EZ=1¢Bk =0] - 1 a.e. The proofs for (1)—
(3) of Theorem 1 are adaptations of the proofs for ( )= n that appear in [4). The

> M4+ i.o.] -0

2 #ls, =al- 3 ¢ls, =0]
k=1 k=1

main difference in proof arises in finding a replacement for their repeated appeal
to the Markov property of S which is, of course, lacking for general rules.

We note that since S, is a sequence of independent random variables, (1)
and (1) always hold. Thus (1)=(3) of Theorem 1 are candidates for (€). In this

direction, we will show

Proposition 1. If X, is symmetric, then for () €R,

(1) (t) holds for all a €1 and g(x) which satisfies, for some 1> ¢, >0,
xg '(x)=0(g(°(x)), e.g., glx)= O(lg"(x)) for k €l.

(2) (t1) holds.

Because P[S"+1 =alxma-a')Pls, =a '], we see for M, — o
() M (a)/M (') = 0(1) for a, a' €1

(Note (p) also holds if S were the sum of 7 i.i.d. k-dimensional random vectors.)
If X, is in the domain of attraction of a stable law of exponent 1/a>1

(e.g., for EX}< o, a=1%), then PS, = 0] ~Kn™% Thus (p) combined with

Theorem 1 and Proposition 1 yields

Corollary 1. Let X, be symmetric and M_ — oo. For () eR,
(a) (g M (@)1 22 _ @lS ) =al/M(a) o 1 ae. forall acl.
(b) If X, is, moreover, in the domain of attraction of a stable law with ex-

ponent > 1, then forall a €1

n n
2 ¢S, =a]/): Bls =01 1 ae
k=1 k=1
Now (p), the Borel-Cantelli lemma, (a) of Corollary 1 and the fact that
n n
(g M, 60" 3 4155, = /M, - of g o~ 3 dlse - o)

gives
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Corollary 2. For X, symmetric, a €1 and () €R

Mg = wod= it T 715, =07 [, ; d;e)::-

(The characteristic function part of Corollary 2 is well known and is proved
easily from (C2) and (C5) in the first part of S1I. Corollary 2 has its genesis
in Chung and Fuchs [5] for () =7 and general X2

Theorem 2. Let X, be a lattice random variable. Then the following nine
conditions are equivalent.

(1) f’:ﬂ(l - 7ON"1dl = .

(2 2 2, PUS =al=c.

(3 3d_el: TPls, =d ]=c.

(4a) V() eR: 2 mn(S(n)(w)) = o0 a.s.

(4b) 3() €R: P[Zm (5,)(@)) = =]>0.

(5a) V() eR id el: Va € R P[S(")- d =aiol=1

(sb) 3() €R, d, €l and a €R: P[S(n) -d, =a i.0.]1>0.

(6a) Y();, (), €R: (), N(m)y =@ Vn, m € rt P[S(")l = S(n)2 +aio)=
1, Va el

6b) 30);, (), €R: )y N (m), =@ Vn, m €I*; and Ja €1: P[S(,,)l =
S(n)2 +aio0]>0.

These nine equivalent conditions above generalize the notion of recurrence
to essential recurrence in the spirit of [10, p. 250). Even for S, this is a true
extension of recurrence. In particular, if E|X,| <o and EX, # O then Pls, =
ai.0.)=0 for all a, while P[S_-nEX =ai.o.J=1 forall a 3, p. 56). Of
course, if X, is symmetric, then (1) is equivalent to [ra- f6)-1d0 = =,
i.e., essential recurrence becomes ordinary recurrence.

Theorem 2 seems fairly complete since condition (1) is a hypothesis on the
basic datum, the distribution of X, and moreover, no extraneous hypothesis is
needed. The same is true for Theorem 3.

Theorem 3. Let (Xi) be i.i.d. lattice random variables. Let (), (), ( )3,
( )4 eR for which (n), N (m)’. =@ fori£j=1,2,3,4, and n, m el*. The
following five conditions are equivalent.

W) 17, [~ [JO) /@) dhdp = .

(2) 2 (2, PUS, =al)? = .

3 PUS ()  Seayy) = Siayp Siyg) ir0r1= 1.

(4) zn za Ps[sn = a] = oqa.

(5) P[S(")l = S(")Z = S(n)3 io.)=1.
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(3) and (5) of Theorem 3 are, as was (6) of Theorem 2, extensions of Pdlya-
type theorems; e.g., (6) of Theorem 2 is an extension of two independent particles,
each of which is performing a random walk in one dimension, meeting infinitely
often (Feller [6, vol. 1, p. 329]).

Of course, one could consider similar questions for nonlattice random vari-
ables. For EX% < o0, an application of a local limit theorem in the proof of The-
orem 2 will yield Theorem 2 with points of infinite visitation replaced by accumu-
lation points. An example of how one is to carry out these suggested steps is
given in the proof of the following:

Theorem 4. Let EX3 < w and let {a,} be a nondecreasing sequence of positive
real numbers with a, = on"). Then the following are equivalent.

(1) EX=0.

(2) For some b € Reals and some () €R, Plb is an accumulation point of
S(n)/an] >0,

(3) Forall b € Reals and all () € R, Plb is an accumulation point of
S(n)/an] =1.

(4 2 Pls, /a,| <el= o forall €>0.

This result was obtained for ()= n and a,=n" % 0< a< Y, without the
assumption EX% < o by Kesten [8, Theorem 4, p. 1173). We note here that our
proof of Theorem 4 actually shows that (3) = (1) under the weaker assumption
that @ = o(n). However Kesten shows that one cannot in general let 4, = n and
have (1) = (3) [8, Theorem 7, p. 1196}. Finally we see that by taking a, = 1
for all n, we obtain Corollary 2 with the following modifications. Replace the
hypothesis X, symmetric with E(X )% < e and insert Real part in front of the

integral.

Theorem 5. Let a > 0 be such that it is not a rational multiple of the span
of X, when X, is a lattice variable. For () €R, S, is equidistributed
mod [0, a).

This theorem generalizes a result of Robbins [16] for () =n. Theorem 5 re-
quires no extra distribution hypotheses and has a simple proof. Corollary 1 with
its subsidiary hypotheses and a more difficult proof yields asymptotically equal
numnber of visits to any pair of lattice points whereas Theorem 5 concludes only
that the total number of visits in time N to all points in Ui“{(b, c) +ial ~
N(c - b)/a where b<c<b+a.

This completes our statements of our main visitation results. Their proofs
will be given in $ 1. In $III we deal with two equivalence relations, and two
partial orderings on rules, and prove related results some of which were stated
earlier in this introduction. In § IV, which consists mainly of counterexamples,
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we show some of the extent to which triviality of the tail o-field fails for ruled
sums. In §V we give extensions of some of our main visitation results to Gaus-
sian processes more general than ruled sums of independent normal (0, 1) variables.

II. Proofs of visitation results. We first gather together for easy reference a
collection of basic results that will be essential to the proofs of Theorems 1—4
and Corollaries 1, 2.

Lemma 0. Let {Yn} be an arbitrary sequence of random variables with
E(Y'zl) <c, forall n € 1*. If there exists a subsequence {n(k)} of 1" with

() e,y <o

(b) maxn(k)Snsn(ki»l)‘Yn - Yn(k)| Iy 0 ae.
then Y —0ae.

Proof. Standard use of the Borel-Cantelli lemma and the Markov inequality.

In the rest of this collection of basic results we let A, A’, B, B' CI* with
C=ANB, C'=A'nB'and a=|A|,a'=|A"|, etc. We assume without loss
of generality that > b and a'>b"'. For DCIY, S, =2, ) X, Further, we
let d, f, b, i, [ €l and k, m, n €I*.

Symmetrization. An often used technique in probability theory is the sym-
metrization of a random variable Y [12, p. 245). One considers a random variable
Y ' independent of but identically distributed to Y, and defines the symmetric
random variable Y5 =Y - Y, to be the symmetrization of Y. Similarly, if Y,
Y,, .-+ are random variables then St = 2:9:1 Y; where the Y, are independent
of each other and of the {Y ] sequence. If f(8) is the characteristic function of
Y then |/(6)|? is the characteristic function of Y.

Needed results about the characteristic function f(0) of a symmetric random
variable X. If X is the symmetrization of a random variable Y, then clearly
f(e) >0 forall 0 e(-m, 7], but this does not hold for a general symmetric X.
Thus we define ¢, = maxfe € (0, nl: 7(0) > 0 for |6] <¢} and s = sup{lf(@)l: 0 €
(=7 =€) ey 7)} where s =0 if ¢ = m.

That €, and s, are well defined is contained in

(C1) f(e) is real valued, continuous at 0, f(O): 1 (i.e., € > 0) and s, <1
(because X, satisfies (@)).

By the inversion formula for characteristic functions:

(€2) Pls, =11= (20)" ! [ cos(16)"(6)d6.

By the definition of s, we see (Zn)"f:;o + fgo | /7(0)d6 < s7 and so

Pls_=0]-Pls =1> (2m! j'(‘l (1 - cos (16))]™(0) d6 - 25y > - 2sg.
~%o

Thus we have
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(r3) IP[S,, =0-@m-'f izo cos (1) f*(0)db| < s7 and PIs, = 0]+ 257>
Pls, =

Let p be the counting measure on I, then for f, g € £2(I, p)
(C4) (Plancherel’s theorem)

T 10e) = o= [T [©)5(6) do
b

where [ and g are the Fourier transforms of / and g.

Needed results from [4]. Let X, be a lattice variable satisfying () and
E(X}) = E(XT) (where  is allowed).

(CE1) Pls_=»p)/Pls,_ =11 1 (Theorem 4 of [4]).

(CE2) For r>0, 3 a constant K depending on 7, €, and b — [ but not on
horn:Ve>0

PIs_=hl-Pls_=0<Kn~V2*P[s = pl+n™".

In Theorem 3.2 of [4] Chung and Erdés do not claim K depends only on b -/
but their proof reveals this is so.

Needed results about ruled sums. We first state a corollary of Hélder’s in-
equality:

(RO) Let {an} be a sequence of positive numbers and let {i(1)} and {j(1)}
be two 1-1 maps of I onto I. Then

(a) 2,aDa(i(D) < El(a(l))z,

(b) Z,a(Dali(Da(()) < 2, a(D)>.

(R1) If a=b=a'=b"'and c>c' then PlS,=1L Sg=1>Pls,, =
Sge =1L

(In particular, PIS, =1 Sg=1> PZ[Sa =1}.)

. . :
Proof. Without loss of generality we assume c=c + L.

Pls,=1Sg=0=2 P [slAl-ICI =l—b] Pls. = bl
b

zd: Ps,__=1-hPIX; = h-dIPIS_, = d]

v

)>

b

Y Ps.=d Y Pls,__=1-blPIX; =b-d

d b )
T Als - dl [T Pls, - 1= PIX, ~b-d
d b

= Y Pls, =dPUs,_ . =1-dl=Pls,=1 Sz =1
d

where the inequality is the Schwarz inequality with respect to_the probability
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measure A, on I given by A (i}) = Plx,=i- dl for i €l
(R2) (a) Let ( be an event independent of {Xi},z' eA'CA. If X; is sym-

metric
Pls, = d, @ < (P[5, = 0] + 252) P[Q).
(b) Let' @ be an event independent of {Xi}, i€A'UB' where A' CA,
B'CB, ANB=@ and a' =b'. Then
Pls, - S = d, @ < Ps$, = 0]PQ).

(c) Let Q@ be an event inde pendent of {Xl.}, i€eA'"UB'UC’ where A'
CA, B'CB, C'CC, A, B and C are pairwise disjoint and a'=b'=c'. Then
Pls,-Sc=0,8,-5Sc=0, @ <PlS, -5 =0, Sp - S = 01PIA].

Proof. (a) By (C3)

P[SA=d’ &]: Z P[SA'=d-b]P[SA-A’=b' a]
b

< (Pls_, = 0] + 2s2)PI@I.

(b) Because a'=b' and A N B =g, we see that §, -Sp1 is the sum of
a' independent symmetrizations of X,. Hence by hypothesis and (C3)

Pls, -Sy=d, @ = Zb: PsS, =d-bIPIS, ~Sp — (S 40 =Sz = b, G

< P(s3, = 0]P(@).

(c)
Pls, ~S.=0,85-S.=0,@
=Z P[SA/—SCI=8, SBI—SCI=b]
g.b

P, —Sc—(Sy-Sc)=-g Sg~-Sc-(Sg -Sc)=-b .

SmaxP[SA, —SCI =8 SBI —SC; =b]P[a]-
g.h

Since

PIS,-Sci=g Sgi-Sci=hl = LPISci=ilPlSy=g+ AP(S g = b + il

(R2c) now follows from the hypothesis a'=b"'=c¢ ' and the case (b) of (RO).
(R3) Let r>0 and Ex‘; - EX7- 3 aconstant K depending only on r and
l-d: Ve>0
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P[SA-_—I' SB=b]—P[SA=d, SB=b]
<Kla~o)~V2¥p[s, =1, 5, = bl +(a - )7"Pls = bl

Proof. Recalling that in (CE2) the constant K depends only on the difference
of the values, we have

P[SA=I,SB=b]—P[SA=d,SB=b]

- Y (Pls,__=1-A-Pls,_ _=d-DPIsc =/, Sg="h
f

<Y (Ka=™12%Pls,__=1-fl+(a=c)PIS =/ Sz =4l
/

<Kla=c)"V2#Pls, =1, Sy = bl + (a~ )7 "PIS, = bl.

This ends our list of basic results, and we begin to prove the visitation re-
sults; (1) of Theorem 1 is actually a special case of the following more general
resule:

Lemma 1. Let {Z"} be a sequence of d dimensional lattice random vectors,
ani be a sequence of subsets of 14, and g: R* — R* with glx) T oo and g (x) positive
and . If theré is an € €(0, 1) so that

(" E’, g MNPz, €B,|Z €B)-Plz, €B,D < K(gWM)

forall j, n el* and if M, — then

(1) limgM )"' Y g'M)plZ, €Bl=1 as.
1

i=

Furthermore, if

E;l(l/g(Mn)) E’ gMIPIZ, €B |Z € B,.] -P(z, B, D <0,
then
(2) Pl €B, io]=1.

Proof. Let L(n)=37_ g M)plZ; € B;}. Because g'(x) is nonincreasing,
we may use the standard approximation of sequences by the Riemann integral to
obtain E(L(n) = 0(1) + g(M ), i.e., since glx) T oo and M, T ooy E(LG) ~ g(M,)-

Leuwing V_ = El(gM, )~ 1L(n) - 112, we have
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g’ M )v_ < 0lgM )

+2 E,;] g (M )g'(Mk)(P[Zk €B,, Zj € B’.] - mkmi)

= 0(g(M )

g I(Mi)mi > gl(Mk)(P[Zk € BklZ]. € B].] - mk)

k=j+1

= O(gl +€(Mn))-

Thus V, = O(g'l""(Mn)).

Proof of (1). We take Y _ = (gM )N~ 1L@) - 1, c, = (gM )1+ and nlk)
so that g(M (k))l-f ~ k2 in Lemma 0. Then 2 Cp(k) < isclearand so Y, ;.\
& 0 a.e. But the choice of n(k) gives g(Mn(k))/g(Mn(ku))?l and so

max |Yn - Y"(k)| < (gM N-HL

n(k)sngn(k+1)

L

n(k) n(k+l) n(le))

LooeM 1)) - ,g(M"(k)))(g(M”(k)))‘2

— 0 a.e.
: e

Thus an application of Lemma 0 establishes (1).
Proof of (2). We have

v, < 0(gM )~ 1)

' 1 -
<g( )Zg(M m> E) > gMXPZ, eB,|Z €B)-m)—0.

j=1 k=j+l

Choose n(k) so that V ., <k~ Then (gM /)" 1L (n(R)) - 1 =0 =0ae. by
the Borel-Cantelli lemma. But g(x) T and so continuing as in the remarks pre-
ceding Corollary 2 in §I, the proof of Lemma 1 is completed.

In this paper we are primarily interested, as in (1) of Theorem 1, in the case

where B = {a} for all n and some a € I*. (1) of Proposition 1 is a special case
of

Lemma 2. Let {Z,} be a sequence of random variables and g € R*—R*
satisfy g'>0, g'l and xg'(x) = O(gfo(x)) for some ¢, € (0, 1).

Let M, — 0. Assume

(a) 3¢> 0 and v<1: Vj, k el* with j<k, P[Zk=alZ’.=a]§
Plz,_ = 0)+ cok™,
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(b) There is a sequence of i.i.d. random variables 1Y } satisfying (®) with
E(Y]) such that PIZ, = 0]= P[Z%_ v, = 0] for all k.
Then (1) bolds for B, = {a}.

If the Z, are d-dimensional random vectors and a is the d-dimensional 0
vector, then (') holds under the weaker hypothesis obtained by deleting (b).
Proof. By hypothesis (a) and the fact that g “(x) is bounded,

Q. = > g'(Mk)(P[Zk= a|Z].= al-m,)

k=j+l

n=j n
< 2 M, Im 0 - 3 g'M)m, + O).
k=1 k=j+1

By the hypothesis on g(x), hypothesis (b) and (p) (i.e., M_(a)/M (a’) = 0(1))

we see

i
(+) T &0y, Iy 0 < 64 00 - 0(g (M ).

Now let {bk} be a sequence in R with b, <1 forall k, let 7> 8> 0, then
by Holder’s inequality,

n n s r_s n Iy l-r+8
5w s (a0 T (5 o)
k=1

k=1 k=1
(H)
7 1-748
ol X &, .
k=1
We then have
"-j 1 ” !
(%) Z g (Mkﬂ.)mk(O) - E g (Mk)mk
k=5+1 k=j+1

< X gl(Mk)(mk(O) -m,) since g ),
k=j+l1

n
<A Y gM)m @k %+ forany ¢'> 0 by (CE2)
k=j+1 and hypothesis (b),

=j+1

z ! »5+€” u !
=of X & (Mk)mk(0)> for any € > e by (H),
k

< 0(g#+(m ).
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For the last inequality we have used the standard discrete approximation to the
Riemann integral and the fact g’ is nonincreasing. In the application of (H) we
have used the fact that g’ is bounded and mk(O) — 0 so for all large &
g'MIm (0)<1.

Since €' may be arbitrarily close to 0 and €" arbitrarily close to ¢', any
e > max(!%, €,) suffices for (1').

Finally, when the Z, are d-dimensional but a is the d-dimensional 0 vector,
the proof becomes much simpler since only the hypothesis on g implies (*) and
that the expression (**) is < 0.

Proof of (2) of Theorem 1. Let DU, n) = 2} _ ¢lS ) = al - 3} _ ¢lS ;) =a’]
with D_ = D(1, n), and let M), = 2?:1”’1" By (R3) with r=3

E[D(L, »)) = OM, )

]
+2 LY MPIS ) =a Sy =al-PIS,,=a, S = al)

I<j<ksn
1 1 _ [
+(P[S(k)= a', Sy = a'l- P[S(k) =a, S, =a Wl
'-! ! _
-0M, )+0 [ T k- NE Pl =a Sy =al
’ I<j<ks<n

1 [}
+P[S(k)=a, Sih=a )

+ (k- j)'3P[S,. € {a, a'm] Ve >0

n n
- 4€’ _ _
=0M, )+ OM, )+ Z‘; m (a) kzl E=AEP[s ) =alSy=d
1= =

n n
' ~Y%4€ ’” _ o '
+Zlmj(a)lezlk Ehs P[S(k)=a|S(].)_a] ve > 0.
]j= =

Applying (H) and the hypothesis (1) of (2) to the last inequality gives

EID2(L, o)) < KM, _+ M, (M1*29%+€) (v¢'>0)
(*) o
< KM, MZHT)(ve" > 0).

An inequality that appears in Billingsley (2, p. 102] says thar if {YZ.} is a
sequence of random variables for which 3 a positive sequence hti} and B,v > 1:

v n B
(%) E< )s (Z#,) vI<n
i=1

then

n

>v,

i=l
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k v n ﬁ
E ( max z Yi> Slg;(tin) <Z ”i) .

Isk<n i=l i=l

If we take p = Km M+ ', v=2and B=1 then (*) shows that (**) holds
for Y, = ¢[Si =al- ¢[Si = a'l. Noting that the hypothesis on X, in (2) implies
nl=%= O(Mn) we obtain

2
E (max D, ) = O(lg§(4n)M3‘/2+€+d) (vé’' > 0)
I<ksn

"
= O(M¥/2++4€)  (vé' > 0).

Fix €¢" and choose n(k) so that Mn(k)~ k)‘ where A > (€")"'. Then
Mn(le+l)/ M, )~ 1 and so

2
(3/4)+(/2)+€" | _ -y _ -aé
E <m(k)sT.§fz(k+1) D /M, > - O(Mn<k>) = 0™,

Since Zk k'“” < o, the Markov inequality and the Borel-Cantelli lemma imply

max (D

IOV o g,
n(k)enen(ksl) 7 7 ko

Proof of (2) of Proposition 1. By (R2) we see

n n

[ k=7
Z P[S(k)=a|S(,.)=a]S Z mk_i(0)+2$o ’=O(M")
k=j+1 k=7+1

which clearly means (f1) holds with €= 0.

Proof of (3) of Theorem 1. Let & € (0, 1). For k €1 define n(k) =
max{j: M, < M,f(«. Because m < 1, we see M)~ ME. By hypothesis, (1) holds
for g(x) = Ig x and thus by (1) of Theorem 1

n(k)
lim(g M)~ 2 @IS, =al/M =8.
k i=1

Therefore

k.
1-8=1lim(gM)™ 2 ¢S, =al/M,
k i=n(k)+1

< lim =al) /Mg M.,
T(gl d)[S(l) “]>/k gM,



VISITATIONS OF RULED SUMS 417

i.e.,

k
P [Z S ;= al <MY’ i.o.] -0 forall 8 €0, ).
i=1

This, combined with (2) of Theorem 1 yields (3) of Theorem 1.

Proof of Theorem 2. We will first prove (1) = (2), (3) = (1) and (2) = (3)
establishing the equivalence of (1), (2) and (3) which do not involve statements
about sample sequences of ruled sums. (4a) = (4b), (5a) = (5b) and (6a) = (6b)
are obvious since the (b) statements are weakened forms of the (a) statements in
which V is replaced by 3. We then show that (4b) = (2), (5b) = (3), (6b) = (2)
follow from the monotone convergence theorem and the Borel-Cantelli lemma. Next
we show that (6a) = (4a) and (5a) by a Fubini’s theorem argument. Finally we
prove that (1) = (6a) which completes the demonstration of equivalence of the
nine conditions of Theorem 2. The proof of (1) = (6a) relies on tools developed
earlier, in particular Lemma 1 and Lemma 2.

(1) = (2). By (C4),

X PAS_ =al = (2m)"" z 7 i) .

(3) = (1). By (C2),
T Pls,=d )<t ¥ J7 1i@)mae = et [T~ [7(6))-1 .

(2) = (3). Vn let dn: P[Sn = dn] = maxaP[Sn = a}. Then
2P =d]l>F ¥ PUS =dl=w.
n n a

(4a) = (4b), (5a) = (5b), (6a) = (6b). Obvious.
(4b) = (2). By the monotone convergence theorem

oan(Z mn(S(n))> = Z z P2[5”=a].

n
(5b) = (3). By the Borel-Cantelli lemma

Pls,  -d =ai0l>0 =3 PIS  =d +al=c
n

(n)

(6b) = (2). By the Borel-Cantelli lemma

Pls

) =S(”) t+a i.o.]>0==2 P[S(n) =S(n) + al = oo,
1 2 - 1 2

Since the variables § and § are independent
(n)y (n),
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o = ‘n‘: P[S(n)l =Stm, * al=3 2 mla+bm (b) < ; § m’(b)

n b

by (a) of (RO).

(6a) = (4a) and (5a). Consider the maps 0, and 0, defined by 0,(n) = 2n +
1 and 0,(n) = 2n forall n €1 *. Then by Theorem 6 in $ III (which is independent
of § II), we see the rules ( )l and ( )2 gotten by (n)i = Uje(n)Ui(j), i=1, 2
define two sequences of ruled sums equivalent to the sequence of ruled sums
defined by (). These two rules, ( )1 and ( )2 have the property demanded in

(), i.e., (n); N (m),= & for n, m €1?, and thus

(%) P[s S +a,io]=1 forall ac€l

(n)1 = (n),

We now use a standard Fubini argument often associated with symmetrization
({12, p. 245) or [7, p. 7D). Consider the sample spaces @, and Q, generated by
UiEUn(n)l{xii and Uieun(m)zgxii respectively. Then the total sample space
Q could be taken as Q; x Q, and the probability P on {} could be considered
to be P, x P, where P, and P, are P restricted to Q, and (Q, respectively.
For a €1, we define

A =lw €Qy: Pl[s(n)l = s(")z(w) +aiol=1]
By (*) and the Fubini theorem we see that P[Aa] = Pz[Aa] =1 forall a €.
For a =0, (4) follows for @ € A, by the easy half of the Borel-Cantelli
lemma.
I is a countable and so P[4 1= 1. Letting € naAa and d =
S (n),(@)s (5) follows.
(1) = (6a). In Lemma 2 we let Zi = S(’.)2
independent symmetrizations of X,. Thus (b) of Lemma 2 is satisfied.
Letting A = (), B = (k) 4" C (), = ), N ()}, B' C(k), - k), N(7),
with |A']| = |B'| = k- j and letting ( = [Z,. = a) in (R2b) we see

- S(i)x’ i.e., Z]. is the sum of j

PlZ,=aZ - d<Plz,_ .- O]P[ZI. = a)

i.e., P[Zk =al Z]. =al< P[Zk_j = 0] which shows (a) of Lemma 2 is satisfied.
(1) implies [T _(1-[f(0)]?)~'d6 = = and so by (C2), M, — =
So letting g(x) = Ig x in Lemmas 1 and 2 we see (1) implies (6a). In fact
by (1) of Lemma 1 we have a “'rate of occurrence’’ for these meetings S(”)l =

S + a.
(n) 5
Proof of Theorem 3. In Lemma 2, we let Z = (v, v,)= (S(")l - S(")B’

) Stmy, ) Thus PGy Sim ) = Sy S, i0.]=Plz, =(0,0)i0.).

(")2—
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Using (R2b),
Pz _=(0,0),2 =(0,0]=Ply =0,y =0lP[v_=0,v.=0]
] n ] n ]

<Ply,_;=0lPly =0lPly _ - 0JPlv .= 0]
= Plz,=(0,00P[z__ .= (0, 0)).

Thus (a) of Lemma 2 is satisfied and so for g(x) = g x, Lemma 1 and Lemma 2
show that P[Z_=(0, 0)i.0.]=1 iff £ P[Z, = (0, 0)] = w. However, by (C4),

X Plz_=(0,0)] = Z(Z P’lS,,=a])2

n n

=@n2 X7 17012 do dp -

ife [ [a- @7 do dgp = .

We have proved (1), (2) and (3) of Theorem 3 are equivalent.
We now show (4) is equivalent to (1) and (2). First, by the Schwarz inequal-

ity,
z (; mi(a)>2 < Z(Z mg<a))<§ mn(a)> - Z T mla

On the other hand, since the Fourier transform of a product of two functions is the

convolution of their Fourier transforms,
¥ mia) = @02 [ [ 7076 - $)7 ) db s

by Plancherel’s theorem (C4). Since |77(0)/(6 - ¢) 1] < | 77(6) (¢,

IZ [[ T @76 - $)7™) a6 d¢|

<X [f 1@l dods - [[ (1~ 17ON7 @)D" db dep.

Hence

T I, (T ni@)’ aa [fa- 17O wap
are infinite together completing the proof that (1)=(4) are equivalent.

We now show (5) is equivalent to (4) to complete the proof of Theorem 3. In
Lemma 2 we let Z = (S(")l - S(")3, S(")2 - S(")3)' Thus
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PI(s S, . =5 i.o.]

(m)) =7 (m), T V()

=Pls_, -5, =0,8 , =S, , =0 iol=Plz = (0, 0) i.o.l.

(n); (")3 > Tn), (n)3

Let X, X', X" be independent and distributed like X .. To show (a) of Lem-
ma 2 is satisfied, we take, in (R2c), @ =[Z, = (0, 0)], 4 = (), B = (n),, C = (),
A'Cl)y -y, B'Cl), - (), C'C@)y =)y with |A’|=|B'|=|C'|=n-]
By the hypothesis of Theorem 3, A, B and C are pairwise disjoint and A ', B'
and C' are independent of (. By (R2c), the definition of Z, and the first sentence
of this paragraph

Plz =(0,0), 2z =0, 0l < Pz, =(0,0P(z__. =10, 0);

i.e., (a) of Lemma 2 is satisfied. For g(x) = lg x, Lemma 1 and Lemma 2 now show
that P[Z_ =(0,0)i.0)=1iff £ P[Z =(0,0) =, icc., iff £, 5 m>(a)= o by
definition of Z_. This completes the proof of the equivalence of (1)~(5) of Theo-
rem 3. (1) of Lemma 1 actually establishes a “‘rate of occurrence’’ for these triple
meetings S =S =S8y .
B% 2(m)y T2, T Vg

The condlnons in Lemma 2 yield a rate of visitation in Theorem 1. For The-
orem 4, the variables are not necessarily lattice and we are only interested in in-
finite visitation so we use a somewhat different method based on Lemma 3.

Lemma 3. Let {X } be a sequence of independent random variables, let
{Bn} be a sequence of open intervals in R, and let {f,} be a sequence of functions
X::l R; = R. Let z”s/"(xl,-.-,xn,---) and for xy+++yx, €R let Y =
Y Gepoovrsx V=] Gepseeesx, X c ) If3A>0: Vm edt, x50 x
€R

(a) 3T > 0 and ny: Vn>ny Ply, €B,1>TPIZ €B,),

(b) 3a subsequence nlk) of 1*:

mel’’ m

n(k) n(k)

max Y, Ply,eB/|Y . eB]<A Z Ply, eB)]
Isj<n(k) [=j41

then
. 1. =
PlZ €B, iol= OlffZP[Z,. €BJ_

Proof. Since EP[Z €B; J<o = P[Z €B; = 0 i.0.) = 0 by the Borel-Cantelli
lemma we assume EP[Z €B; ]— . By (a) thxs implies 2 P[Y € B, ] = 0. Hence
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j=1

Pm(3 ¢ly. eB)[Y Ply. eB1)>0
(*) =1 7 ] J 7

m

<Py €B iol=PlZ €B io|X =xp s X =x]

since the X are independent.
Kochen and Stone [9] showed that for any sequence of random variables W].

P [HZﬂ ¢lW. €B] f PlW B> 0]
j=1

j=1

n

zf;n(zn: Plv, eB’.])Z/ > PW,eB,W eB]

j:l i:l,j=1

Taking W, =Y, and letting N, = 27_, P[Yj € Bj], (*) says

n
Pz, B, iod|X;=x; s X =x 1>1imN, /3 PlY . eB, Y cB]

i,j=1

while (b) gives

n(k)

Y Ply.€B,Y €B]
1 t ] 7

i,j=1

n(k) n(k)
= 2 2 2
=o(NZ )+ 2 ,Z_jl Ply . eB) i_% PlY,eB,|Y €B1<o(NZ,)+24N2 ..

ThusVm €1*Vx,---,x_€R, PlIZ; €B i0d|X, =5, -, X =x 1>
] ] m m- =
(1/24). By a corollary of the martingale convergence theorem [3, p. 93],

PlZ €B iol|X,---sX ] — &(Z €B. io)
7 ] m m 7 j

a.e. Now qS[Z]. €B; i.0.] is an indicator function and thus takes only the values
0 or 1. However, we have shown ¢ to be > (1/24) a.e. and thus ¢ equals 1
a.e. The proof is complete.

Proof of Theorem 4. To prove this theorem, we first note the following:

Note 1.-Since a = o(n), we segq that for 0 <¢<|c|, 3 n5 > 0 such that
n>ny = [IS(n)/an -d|<€c H(S(,,) - nc)/n|> el

Note 2. A theorem of Katz [11] states: For a > 1,

>(] < oo,

S, - kEX,

EX® < oo iff Y. k“'ZP[ :

k=1
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Note 3. This note was pointed out to us by K. G. Binmore and M. Katz, A
result of Stone [19] applied to nonlattice variables X; with E(X,)=0, E(XZ) =1
states Plynx< 5, < Vnlx + b)] = (1/\/_277”""" -x2/2 LD+ 1/\/-) where o(1)
is uniform in x, b. Define x, b by Vax=b_, Valx + b)-— c,. Then if b(n), c(n) =
o(n”) and c(n) - b(n) > K > 0 the Stone theorem yields Plb(n) < S, < cn)] ~
(cn) = b(n))(27n)~%. (A similar result holds for lattice random variables (Gnedenko
and Kolmogoroff [10, p. 233]).)

(4) = (1) and (2) = (1). InNote 1, let ¢ = EX, and d =0 if (4) holds, d = b
if (2) holds and then combine this with Note 2 and a = 2 to get a contradiction.

(3) = (2) and (3) = (4) are easy. To complete the proof of equivalence we
show (1) = (3).

(1) = (3). In Lemma 3, let f (x ;- +,x;++)= a;lﬁie(n) x,. Further let
mel®, Xppeeesx €R; Y =Y (x50, x ), and B,=(b-¢b+e) for all n
Let An(b, €)= [lYn(xl, ceey xm)— bl <el= [Yn € Bn].

Now in Note 3, let b(n)=a _(b-¢)- = x; and c(n) =a (b+e) -

. .S . e
i€(m)m ¥i- Since m is fixed, we see

i€(n)nm

P[Yn € Bn] = P[b(n) < Sl(n)-mn(n)| <elml ~2c¢ an(27m)°%

(i.e., it is asymptotically independent of x,, ..., x ~and b). Hence since a,
is nondecreasing we have

n

Z PlA (5, )] A (b, dN< X PlS,_.—ba, —a)l <(a, +a)
k=j+1 k=541 7 ! 7

(%)
( Y a (k - ])"l/> = O(ann% )s
k

=j+1

(%%) Z PlA (b, a] > Z PlA, (b, O] > K Z ak” % >Kan/2n
k=n/2 k=n/2

Thus to finish the proof of Theorem 4, we combine (*) and (**) with Lemma 3
where n(k) is a subsequence of I'* with the property that 4,k < Caypyyq for
some fixed positive constant C. Such a sequence n(k) exists since even
lima,,/a, > V2 = mn_azn/(Z")% =  and this contradicts a, = o(n*).

Proof of Theorem 5. If f(2mt) £ 1,

N . 2 N .
E _I-Z eZﬂztS(n) _ _1_ Z E(eZﬂll(S(n)-S(m)))

N N 1
<L ¥ 3 plmlem < __Z____ 0<N>.

N2 m=1 n=1 1 - |/‘(2ﬂ[)
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e ZTthS(n)

We conclude (1/N) 22’_1 — 0 a.e., by Lemma 0 with N = k2, since

< 2k + 1D/ + 2/k = ol1).

By the hypothesis, a.e., VI €], N”lzgslezm(u“)s(n) —

alent to S, equidistributed mod (0, a) a.e. [20].

0. This is equiv-

111. Equivalence relations and partial orderings on rules. In this section

we consider the question of when two rules may be considered equivalent from
the viewpoint of ruled sums. In Theorem 6 we show that two natural definitions

lead to the same equivalence relation. Theorem 6 is stated for lattice random
variables for convenience. We then consider a weaker equivalence relation and
associated partial ordering for Gaussian variables and prove in Theorem 7 an

extension of a theorem of [1).

Theorem 6. Let () and ()' be two rules. Then conditions (a) and (b) are
equivalent.

(a) 3 a 1-1 map o from U;‘;l(j) onto U?:l(i) “Vn eIt @) ={0(i),ic
()},

(b) Vi iy, eeesi, el*|Gpn... NG =G N n G

Say?=1,2,+--5and Sy, n=1,2,..., define equivalent stochastic
processes for all distributions m(a) = P(Xl = a) iff one and hence both of (a)
and (b) bold.

Proof. That (a) = (b) is clear since U!(il)ﬂ- .. ﬂ(i].)} = a((il))m .. -ﬂo((i].))
= (il)'m... N (i].)'..
To prove the converse, we first show that a mapping can always be defined

if we restrict attention to any finite number n of sets (i), .-, (i ).

Lemma 4. If Vis+++»V, are n finite sets, then the 2" cardinalities
Vi AV, NUT_ V1 j=0,+,n, and the 2" cardinalities lVflﬁ sz n
ceen V:" N U:"ﬂ V,| where each 8. varies over the two values complementation
(= 0) or its absence (= 1) determine each other uniquely.

Proof. We denote [V;; n...N Vi;l by R, where u =7 is an n-long binary

index (u; ... un) with u, = 1 for k=iy,+++,i; and u, = 0 otherwise. We
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denote IV;(;l Neee N V:ﬂr‘n U;!zlvil by D where 8=(8,,--+,3).

The 2" vector R is clearly obtained from the 2" vector D by a linear
transformation A, R = AD, viz.R =X _sD;5, where u <8 is defined as u, <
8k forall k=1, --.,n Thus D determines R uniquely. Conversely we show
detA =1 sothat D= A~ !R and R determines D uniquely. For n=1detA = 1.
If the resule is true for » and A is the 2" x 2" matrix effecting the transforma-

tion from D to R, for n + 1 the 2+l om+l parrix is

A A
n n

0 A
n

whose determinant = (det Aﬂ)z =1 completing the induction.

We now complete the proof that (b) = (a) in Theorem 6. For any m €1 *
the 2™ sets (1) 1N .. -ﬁ(m)s'", 81‘ =0,1,i=1,...,m, are disjoint so by
Lemma 4 we may define a 1-1 map 7 from U7_,(k) onto U7 _,(k) ' preserving
cardinalities of intersections of sets (i), i = 1, ---, m, by mapping the elements
in (1) ! Nn.. -ﬁ(m)sm, 1-1 onto the elements in (1) Pra... N(m)' ' m for
8,5-++»8, =0, 1. In the set of all such mappings 7=7,_ forany m elt we
define 7 < r: if m<n and r: =17 on domain 7. For each m = 1, 2,..
there are only finitely many mappings 7 and there exist mappings 7, for arbi-
trarily large n. Hence we can choose an infinite chain 7, <7,<..... For
i €U;°=I(k) we may define (i) = Tk(i) where i € dom7y. 7 necessarily maps
Uz, (&) 1-1 onto UL, (®) . Thus (b) = (a).

If (a) and (b) hold for () and ()’, then for P(X, = a) = m(a) for any j, n,

n el and ay---a; €l we have

Pls Y .)=“j]=P[S(nl)’=“l""’s(nj)'=“i]

=d,
(nl) 1 ("7

- > I x5)

(2821,1,"8“.')1':1 V2,000 ,]

where 8 =1{8,, k=1,.--,j}, |8] = |n(nk)8’°n Uigl("kn and v; is a j-vector
with 1 in the ith place and 0’s elsewhere. Since all finite-dimensional probabil-
ities are equal, S, and S(n)+ define equivalent processes. Conversely if (a)
and (b) fail to hold it is clear we can find a distribution m(a) and 7 - n:
PS(,y, =@y ees Stmjy = a].];é PIS(,yr =4y 1S(njyt = a].]. This completes
the proof of Theorem 6.

If either and hence both of (a) and (b) hold, we say () = ()’. A weaker
equivalence relation = defined by ()= ()’ iff Vi, j el 1) N =1G)'n
()| is sufficient when the underlying variable X, is Gaussian since the S(].)
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are jointly Gaussian and the covariances E(S(i)S(j)) = |(0) N ;)| define the process.
An example of two non = rules which are =~ is easy. Let (2) =12, 3}, (3) =
{3, 4,5, (9)=12,4,6, 71, (2" =12, 31, (3) ' =13, 4, 5}, (4) ' = 13, 6, 7, 8} with
(n) = (n)’ for n # 2, 3, 4 involving integers not appearing above. The pairwise
intersections above have cardinality 1, but [(2) N (3) N(4)|=0£1=|(2)' n(3)'
N (4) .
Corresponding respectively to the two equivalence relations = and = on

rules there are two natural partial orderings
OO MY, iy eeeni el 1G) Neeen G <16 Ao n &)
convenient for general distribution m(a) and
O<O iV, jel™ |G n () <] N ()]

We have at present no good theorem on < although natural conjectures abound and

so results should be forthcoming. The following results concem <.
Proof of Proposition (2) stated in introduction. If the 2 x 2 covariance matrix

for S(j) and S, is < the matrix for S and S, )+, then following Slepian’s
method [18]

(d/d\)P, [S(J.) € (u, v), S(n) € (g, v)]
= (g)\(u’ u) + gx(v, v) - g,‘(u, v) - gx(v, u)),'(ES(n),S(i), - ES(n)S(,.))

(where P, and g ) denote respectively probabilities and densities computed ac-
cording to a covariance matrix with off diagonal entry = (1- /\)E(S(j)S(n)) +
)\E(S(n) S ). The proposition now follows from Lemma 5.

- - 2
Lemma 5. Let 0<c < minla, ). Then for all real u,v, 0< e (a4b=2c)u’
e—(a+b—2t)v2 _ e-(au2+bv2-2cuv) _ e-(av2+bu2— 2cuv),

Proof.
0< [e—(a-c)uz _ e,—(a--c)vz][e—(b-c)u2 _ e-(b-c)vZ]

_emlasb=200’ | —(asb=200? | =(a=0)ut 4b=00) _ = ((am ) 4bmc)ud),

+

because the two factors on the right of the inequality are both positive or both

negative since @ — ¢ > 0, b - ¢ > 0. Hence it is sufficient to show that

o= (a= )l lb=cw?) | = ((a=c)w? sb=e)u?)

2 2 2 2
Ze-(au +bv " =2cuv) ¥ e-(av +bu -2cuv).

However, the first term on the left is > the first term on the right because
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(@ - + b= ? = (au® + bv? = 2cuv) = - cw? + 0% —2uv) = = lu - )2 <0

since ¢ > 0 and the same relationship holds between the second terms on the
left and right completing the proof.

An extension of Proposition 2 to the joint distribution of S ,’s taken 3 at
a time is false. In fact, let S(l) =Xy S(z) =X, + X3’ S(S) =X, +X,+ X3.
Then for small positive ¢

PUS, .\ <& IS, <& |S.,,] <€

(n (2) (3)

> Plo < X, <¢/21P[0 < X, + X, < ¢/2) ~ (1/2a)e/2)*(1/2)
while
Pls, | <e |S,] <e |S,] <
< PlIX,| < dPl|X,| < 2PlIX, | < 2] ~ (123 (2e)(4e)(4e)

= 32/\/2m3)e® <(/2)2/2m\/2) for € sufficiently small.

In fact this same argument gives the same inequality for general X, with
continuous distribution and the above rules.
Proof of Theorem 7 stated in the introduction. By hypothesis the (N - n + 1)
x (N = n + 1) covariance matrix of Sy SNy dominates the covariance
matrix of S .-+, Sy). Hence by Slepian’s theorem [18, p. 468] for any Cp
<2 Cpp P[S(n) 1<cp00ees S(N) ' < CN] > P[S(n) Scpo s Sy S CN]- Thus,
choosing c,= an)\,

Pllim S i/a_ <Al > Pllim S(n?/a" <AL
Since l_i_rfx-S(n)/a’z is a constant by the Kolmogoroff 0-1 law, Theorem 7 is proved.

IV. Tail o-fields for ruled sums. Let () denote the tail o-field for S, ;
ie., S()= nn 3(5('1), Stne1)? " ) where %(S(n), Stney *° .) is the Borel
o-field generated by S ) S(,,1)> - For both S, and § this tail o-field is
trivial by the Hewitt-Savage theorem. However, this is not the case for other
rules, even rules closely related to (n).

Let Y be a variable independent of the X, all variables having the same
distribution and EX, =0, EX} =1 and define S,,=Y +S,_qp n=1,2,--,
so that S, differs from the rule § (n) only in the presence of a single permanent
variable Y. We show that Y € S() by showing that ¥ € B(S ), S, 1ys ") for

all n. In fact, consider

N
1
ZN= Z rn O BS (ay Sary

j=n
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Now E[(Zn/log N - Y)?] = o(1), and so by Chebyshev’s inequality,

Z\/log N £, Y. But then a subsequence converges a.s. to Y which establishes
that Y €S.

Since for m fixed E(S(n)S(m)/\/n—@= (1/y/nm) — 0 as n — oo, this same ex-
ample shows that ¥m cov(S,\S,)) 7 0 is not sufficient to insure that 3() is
trivial even if the X/’s were JW0, 1). However, for normal variables X T will
be trivial if Vm maxy .z cov(Y zZ, ) =0 as n — o, where Y, 21_1 Sh
and Z, = 27_ p Sm with Aps b real For this condition implies

maxY z:cov(Y Z, )—-’Owhere Y 6%(5 )andZ € B(S -,

(ny Stns1)’”
n
(see [13 p. 134]), and this latter condmon of asymptonc separation of

Borel fields implies $ = 0 (see [15]).

Of course, one can obtain less interesting rules (n) with () #£ 0, e.g., by
having 1 € (2n + 1), 1 ¢ (2n) so that X =S, 1 =S5, € B, ,-+) forall
n. Similarly, we can algebraically arrange that $( )= B(X, X,,-+-) by having
each j €(n), and ¢ (m) for arbitrarily large m, n.

The rules S(n) and S<n_ y * Y are inwitively close. However, since their
tail o-fields are different, the respective measures they induce on their sample
spaces are not equivalent and are thus orthogonal since we are dealing with nor-
mal processes [17). It is also possible to find a rule intuitively close to S, which
has a trivial tail o-field like S but induces a measure orthogonal to that induced
by S,. Such an example is given by S =S _,+Y where {Yn} is a sequence
of independent random variables all distributed as X; and independent of the
sequence X The orthogonality of S,y and §_ is shown by a standard computa-
tion with the Hellinger integral [14].

V. More general normal processes.

Theorem IN. Let Y be a centered normal process:
(a) Vi<n, 0< E(Y y JSE(YH =0
(b) Vi<, 02 01 >02 i
(c) EN (1/0)—‘ oa.
Then Va eR V£>0 Vé>0

li ; [y, -a| < — V27 .e.,
W m 1g(v /o) i Z 33 (1/ )¢l el Tees

n
p .
k=1

olly,| <ed- ¥ ¢lly,-a| <
k=1

n S 1
> (Ig n)l+S (Z (1/0,.)> ' i.o.] =0,
7=1 .

(2)
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3) i ¢[|Ykl<e]/z ¢[[Yk—a|<e]—'l a.e.
k=1 k=1

We note that in typical cases such as o, ~ Vi, 27=1 /o, ~ %Vi. so that

if 0<8<8’, (g n)“s(zﬂ_l(l/a )2+ < [2"_1(1/ 08 +% for all large n, and

so the (Ign)1*® factor can be suppressed in the statement of (2).

Corollary 2N. Under bypotheses (a) and (b) of Theorem IN VYa Pla is an
accumulation point of Y"] = 3 iff Z;‘zl(l/ai) et

In order to prove Theorem IN and its associated Corollary 2N, we will need
analogs of (R2), (R3).
Under hypotheses (a) and (b) of Theorem 1IN,

(R2N) PllY, -a| <el, |Y,-al <d<PllY, _|< c]P[IY’. -a| <é,
®R3N) PllY | <6 |Y —al <d-PllY, -b| <6 |Y,-al <d< K1/}, o))

for n > j.
Proof of (R2N). Let Y j', Y, be jointly normal centered variables with co-

variance matrix
o

2
i
2 g
i

I =N

Thus Y = Y + (Y -Y ') where (Y -Y; ') is orthogonal to and thus indepen-
dent of Y, By the proof given in §3 of Proposmon 2 stated in the introduction

P[lY.—aI <€ |Yn—a| <€l

a +€

<P[|Y —al<e |Y -a|l <d= I Yj,(a—y—e,a-y«:—c)dFY;(y)

< F Y'("’ ¢)F '(a —6a+e< P[IY i< £]P[|YI. —a|l <

2

. 2 2 .
since 0, _ <0 -0/ by hypothesis.

Proof of (R3N). Y, = (E(v.Y Vo?)Y + [y - (E(y;y HODY=Z v W .
We note E(Z .W_)=0 and so smce Zn’. and Wni are ]omtly normal they are
independent. drzn. = E(Y’.Yn)/tr; < 1 (by hypothesis).
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0 =IPlly - bl <e v, —a| <d-Plly, | <6 |Y, -4 <é|

(a+€)d
=J‘ i [Fy, (b—e-z,b+e-2)-Fy (-e-z,e-2]dF, (2)
(a-e)d> . Vi nj nj

1 1 -x2/2w2. | -x2/2w2. 2¢
<7 |max — e " _ min — e n1) 2e —
= 2n R W_. R W_. 0.

nj nj J

2 2 _varZ =0 —EZ(YY)OZ/U >a 02>o2 . and

wherew.:varW._o -

R=1[-|a —[bl—Ze, la[+|b|+2€tf Since for A>O 1-er <)\, Q<
(|a| + |&] + 26)2(62/n)(0i_jo].)’ ”
We now mimic the proof of (2) of Theorem 1 to prove (2) of Theorem IN. Let
DU, n) =3} _ ollY, —al <=3} 8[|y, - a’| <el with D_=D(1, n), and let
M, , =2 Ply; e(-¢, ). By (R3N),

E[D*(, n)) = OM,
+2 Zz {Plly, -al <6 IY —a|l <€

I<sj<k<n

- Plly, - d'| <e [Yi_al ')
+(P[|Yk— a'l<e |Y1.— a'| <é

- Plly, - a| <e IYi—a’I <eDt

=O(M,,n)+0< >y L 0_>=o<jzzl .;_J>

I<j<k<n Uk_] ]

W

since o0 25 n02 by hypothesis. We now follow the proof of (2) of Theorem 1 with
the modlﬁcanons p=(1/0) in the application of the theorem from Billingsley {21
and (27_,1/0; )(1032411) replacing M(n)3/ 2+ #" from the part dealing with ~ k*
till the end of the proof.

The proofs of (1) and (3) of Theorem 1N go through as previously.
We wish to express our gratitude to the referee for his many helpful suggestions
especially in formulating the present version of Theorem 4.
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